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1 Basic definitions and Newton’s laws

1.1 Basic concepts

Definition. A particle is an object which has negligible size. It therefore does not have an
alignment or rotation. It has a finite mass m > 0, and perhaps an electric charge q (which
may be positive or negative). The position of the particle is described by a position vector r(t)
or x(t), with respect to an origin O.

Definition. The Cartesian components of this vector r(¢t) are given by (x, y, z), where r =
xi+yj+zk, with1,j, k orthonormal. The choice of coordinate axes defines a frame of reference
S.

Definition. The velocity of a particle isu(¢) = 1 = %r(t). The velocity is tangential to the
path, or trajectory, of the particle.

Definition. The momentum of a particle is p = mu.

Definition. The acceleration of a particle isa = 0 = t.

Note. The time derivative of u(¢), for example, is defined using the limit definition:

) . u(t+h)—u()

u(t) = lim ——————=
( ) h—0 h

with u — wu, if and only if [u — uy| — 0. With Cartesian basis vectors, we can evaluate derivatives

componentwise, bringing the differential operator inside each vector component.

The derivatives of scalar and vector functions interoperate as expected. Suppose we have a scalar
function f(¢) and vector functions g(t), h(t), then for example we have

d
Se=FLegrsE
d dg dh
E h) = dt ‘h+g: dr
(gxh) xh+gx%

Take note of the ordering of the terms 1nV01V1ng g and h when using the vector product.

1.2 Newton’s laws of motion

(i) (Galileo’s Law of Inertia) There exist inertial frames of reference in which a particle remains at
rest or moves in a straight line at constant speed (i.e. at constant velocity), unless it is acted on
by a force.



(i) In an inertial frame of reference, the rate of change of momentum of a particle is equal to the
force acting on it.

(iii) To every action, there is an equal and opposite reaction. The forces exerted between two
particles are equal in magnitude and opposite in direction.

Note that the second law is a statement about vectors. All of these statements that we have made
about particles can also be extended to finite bodies, composed of many particles.

1.3 Boosts

In aninertial frame, the acceleration of a particle is zero if the force acting on the particle is zero.
f=0 < F=0

There is no unique inertial frame of reference. If S is an inertial frame, then any other frame S’
moving at constant velocity relative to S is also an inertial frame. For example, suppose that S’ is
moving at speed v in the x direction. Then here

X =x—-vt; y=y; z'=z t'=t
and we can generalise this to S’ moving in an arbitrary direction relative to S, i.e.
r=r—vt

where v is the velocity of S’ relative to S. This type of transformation is known as a ‘boost’. For a
particle with position vector r(t) in S (and position vector r'(¢t) in S”), we can compute the velocity
u = i and acceleration a = ¥ as follows:

This can be seen by taking the derivative of the ‘boost’ formula.

1.4 Galilean transformations

A general Galilean Transformation is any transformation that preserves inertial frames. They are
combinations of:

+ boostsr’ = r — vt where v is constant,

« translations of space (moving the origin) r' = r — r, where r, is constant,

« translations of time ¢’ = t — t, where ¢, is constant,

+ rotations and reflections in space ¥’ = Rr where R is a constant orthogonal matrix.

This set generates the Galilean group. For any Galilean transformation we have
F=0 < (r)=0

The principle of Galilean relativity is that the laws of Newtonian physics are the same in all inertial
frames. In other words, the laws of physics are always the same:

« at any point in space



« at any point in time
« in any direction
« at any constant velocity

Any set of equations which describe Newtonian physics must preserve this Galilean invariant. This
shows that measurement of velocity cannot be absolute, it must be relative to a specific inertial frame
of reference—but conversely, measurement of acceleration is absolute.

1.5 Newton’s second law

For any particle subject to a force F, the momentum p of the particle satisfies

dp _

dt_F

where p = mu. For this part of the course, let us assume that m is constant. Then F = p = ma. We
can interpret this value m as a measure of ‘reluctance to accelerate’, i.e. its inertia. If F is specified
as a function of r, 1, ¢, then we have a second order differential equation for r. In order to solve
this equation, we must provide two initial conditions, such as ry and ¥, at some initial time ¢,. The
trajectory of the particle is then determined for all future and past times.

1.6 Gravitational force

Consider two particles, one atr; and one atr,. Newton’s law of gravitation states that the gravitational
force on r; is given by
—Gmymy (1) — 13)

Fl = 3
|ty — 1,

where G is the gravitational constant, and F, is given by —F;. Note that:

« This is known as an inverse square law, since the magnitude of the output is proportional to
the inverse of the square of the distance between the particles.

« This is an attractive force, since it is in the direction r, — r;.
« This obeys Newton’s Third Law, since F, = —F;.
« By inspection, G must have dimension I? - M~! - T~2, i.e. length cubed over mass over time
squared.
1.7 Electromagnetic force

Consider a particle with electric charge g, in the presence of an electric field E(r, t) and a magnetic
field B(r, t). The Lorentz force law states that

F(r,t,t) = q(E+ X B)
As an example, let E = 0 everywhere, and let B be a constant vector. Then

mi = qir X B



We can solve this differential equation for r. Let us choose axes such that B = BZ, i.e. B is in the
z direction. Evaluating the cross product, mZ = 0, so z = z, + ut where z, and u are constants.
Further,

mX = qBy; my = —qBx

For convenience, let us define w = qB/m, and then
X =xo—acos(w(t —ty)); X =Yg+ asin(w(t — ty))

This describes circles in the x-y plane, and constant velocity motion in the z direction. This results in
a helix in the direction of the magnetic field, clockwise when viewed from the direction of B.

2 Dimensional analysis

2.1 Choice of units

Many problems in dynamics involve three basic dimensional quantities: length, mass and time.
These are commonly referred to using the symbols L, M and T, to be generic over the choice of
unit system. The dimensions of some quantity x can therefore be expressed in terms of powers of L,
M, T. So the dimension of density is M - L3, The dimension of forceis M - L - T~2.

Only ‘power law’ functions of these quantities are allowed; we are not allowed to exponentiate a
dimensional quantity, for example. This is because eX = 1 + L + 112 + ... would be comparing a

dimensionless constant 1 with some length, and some area, and so forth. This comparison does not
make any sense.

We can choose a unit system that is convenient, for example SI units. It defines the metre for L, the
kilogram for M and the second for T. So many other physical quantities can be formed from these.
For example, the SI unit for the gravitational constant is m3 kg_1 s~2. In this unit system, we can say
G=6.67x10""m3kg 's2.

As a general principle, dynamical and physical equations must work for any consistent choice of
units. If, however, we used SI units for length, mass and time, but the imperial unit pound-force as
the unit for force, the equations would be inconsistent.

2.2 Scaling and dimensional independence

Suppose that a dimensional quantity Y depends on a set of dimensional quantities X, ..., X}, so the
dimension of Y is IMPT¢ and the dimension of the X; are I%MP?i T¢i,

Ifn < 3,thenY = C - X' X32X%3, and py, p,, p; can be found by balancing the dimensions. Hence
a = a;p; + a,p, + aspz and so forth for b and c. This yields a unique solution for py, p,, p; if these
three equations are linearly independent, i.e. if the dimensions of X;, X,, X; are independent.

If n > 3, then this property of dimensional independence does not hold; it is always possible to
express one of the four (or more) dimensions in terms of the other three. So let us choose X, X,, X3
to be dimensionally independent, and then we can incorporate X4, X5 and so on as dimensionless
quantities:

Xy Xs

/‘[1 = /12 R
X{th;thgB X;Ile;th;lza



where the powers g;; have been chosen such that the 1 are dimensionless. Then
Y = XD XD C(Ag, 20, oy Aps)

This is known as Bridgman’s Theorem.

Example. Asan example, let us consider a simple pendulum with a string of length ¢, released from
rest, when the horizontal distance from the end of the pendulum to the rest position is d. How does
the period P of the pendulum depend on the four dimensional quantities m, ¢, d, g?

We know that the dimension of the period is T, time. The dimension of m is M, the dimension
of g is L - T~2, and the dimensions of ¢ and d are both L. We will form one dimensionless group,
since n = 4 in this case. A simple way of doing so is letting A = d/¢. So P = mP1¢P2gPs . f(d/¢).
Comparing units, we have T = MP1LP2(L- T~2)P3. Solving, we get p; = 0, p, = i p; = _71 Applying
Bridgman’s Theorem, we have P = \/€_/g - f(d/€). This does not completely specify the formula, but
it does provide useful insights. For example, doubling both d and ¢, P — \/2P, since d/¢ does not
change.

Example. Taylor used publicly available data on the fireball’s growth over time in order to estimate
the energy released in the first atomic explosion. Let R(t) be the radius of the fireball as a function
of time, which has dimension L. The time ¢t has dimension T. The density of air p has dimension
M - L73. The energy of the explosion is E Wthh has d1mens1on M-I?- T‘2 Then R =C-t%PE".

By balancing dimensions, we have o = = ,8 = ,y = -. Then,R(t) = C - ts ps ys

5
Taylor then verified this 2 < power law, and estimated the value of E as %. It was observed that 1:—2 ~

6.7 X 10 m>s~!, and p ~ 1.25kgm™3. Then if C ~ 1 then E ~ 1 X 10'#J, which is approximately
2.4 X 10* t of TNT.

3 Forces and potential energy

3.1 Forces

Consider a particle of mass m at position x(¢) in one spatial dimension. Let us consider the action
of a force F(x) on the particle, i.e. a force dependent entirely on the position and not the velocity or
time. We define the potential energy V(x) by

dv

F(x) = ~ix

Hence,
X
V(x) = —f F(u)du
The lower limit is unspecified to give an arbitrary constant in V(x). If possible, the constant is usually
chosen such that as |x| - oo, we have V' — 0. By Newton’s Second Law,

dav

mi=——
dx

We define the kinetic energy T = %me. The total energy in the system E is definedas T + V =

imxz + V(x). We will show that total energy is conserved: % =0.



Proof.
dE._d /1 _,
FTERT: <§mx + V(x))

... dv,
= mxix+ —x
dx

= x(mx + %)
= x(0)
=0

. 1. .
In general, in order to conserve a total energy mez + @, we require that

L d¢
xF——E

It is usually the case that there exists no such @ if F depends on X or ¢.

Example. Let us consider the example of the harmonic oscillator, i.e.
F(x) = —kx

Then we can construct X X
V(x) = —f —kudu = / kudu = %kx2

where we have chosen the arbitrary constant conveniently. Note that we can explicitly solve the
second order ordinary differential equation to compute x as a function of ¢:

x(t) = Acoswt + Bsinwt; X(t) = —wA sin wt + wB cos wt

where w = 4/ X We can check that energy E is conserved:
m

1 1
E = —mx?* + Zkx?
2 + 2

1 . 1 .
=sm (—wA cos wt + wB sin cot)2 + Ek (Asinwt + Bcos a)t)2

= Jk(4® + BY)

3.2 More general potentials

Note that conservation of energy is a first integral of Newton’s Second Law. In one dimension, con-
servation of energy gives useful information about a particle’s motion that can help in deriving x as a
function of t. In the previous example, we verified that conservation of energy holds having already
solved the differential equation, but it can often be more useful to consider energy while solving the
equation.

1
E= mez + V(x)



Hence,

Py %(E ~ V()

=t—t0

Therefore,

x du
fxo NECE(O)

where x(t,) = x,. This gives t as a function of x; we can invert this function to give x as a function
of x. Realistically, this integral is mostly useful to get structural insight rather than actually solving
x as a function of time, since it is difficult to do this analytically. As an example, let

V(x) = A(x® - 36%x)

where 4, 8 are positive constants. What happens if we release the particle from rest at x = x,? We can
draw the graph of V(x) and imagine the height of the graph as the height of a ‘rail’ that the particle
sits on, acted on under gravity, i.e. the particle ‘falls’ from higher V(x) to lower V(x), gaining kinetic
energy as it falls. Since we start at rest, E = V(xy) att = 0, and in the subsequent motion E < V(x,).
We have a few cases:

(1) (x¢g < —p) xg = —P is a maximum point on the graph. The particle will move to the left with
x(t) > —co ast — oo.

(i) (- < xy < 2B) Note that V(—f) = V(2f); they are the same height on the graph. Since there
is no friction in this model, the particle’s motion is confined to the region —8 < x < 2§ and
will oscillate forever.

(iii) (28 < xg) The particle will move to the left, reaching x = —f, and then will continue to the
left, since it has kinetic energy at this point. So x - —o0 as t - .

We also have special cases on the turning points +3, where the particle does not move. There is
another case at x, = 23: the particle will move to the left, accelerating until x = 3, then decelerating
until x = —f, where it will then stop moving at this maximum point. How long does it take for the
particle to move from x, = 2§ to x = —f3, where it rests? We can use the integral above to compute

this, letting t, = 0 and x(0) = 28.
dx
[
x(t)

2 (2[5’3 X3 +3(32%)

dx
f —¢
x(t)

\/ (% + B)2(28 - %)

/Zﬁ dx _,
O (x4 P12~ %)

This integral diverges as ¥ — —§, so it takes an infinite amount of time to come to rest at this max-
imum point; specifically it exhibits logarithmic behaviour.

10



3.3 Equilibrium points

An equilibrium point is defined as a point where the potential is stationary, in other words where the
force on the particle is zero. So the particle stays at rest for all time. In the example in the previous lec-
ture, x = +3 were the equilibrium points. We can analyse the motion close to the equilibrium point
in order to work out whether the equilibrium point is stable or unstable. Let x, be an equilibrium
point, so V'(xy) = 0. We can expand V(x) as a series, assuming that x — x, is small.

V(x) = V(xg) + %(x — X)* V" (x0) + o((x — x¢)?)

In the neighbourhood of x,,
mx =-=V'(x) # —(x — x0)V"(xg)

« If V"(xq) > 0, we have a local minimum of potential, which gives rise to a stable equilibrium
point. The equation of motion of a particle near x, is a harmonic oscillator. The angular fre-

quency of oscillation is w = 4 / %

« If V"(xy) < 0, we have a local maximum of potential, which gives rise to an unstable equilib-
rium point. Any perturbation from this point will cause an increased deviation from the point.
The equation of motion near this point is exponential; almost always exponentially increasing

. . -V (XO)
rather than decreasing. The growth rateisy = | ———.
m

« If V"(x) = 0, we must use higher-order terms from the Taylor series in order to determine the
behaviour.

Let us consider the example of a simple pendulum with a mass m held by a rigid beam of length ¢.
Let the angle between the beam and the vertical direction be 8. By Newton’s second law,

F(x = ¢0) = mé6 = —mgsin 6

We can derive an energy equation by using F(x) = —V'(x).

€6
V(x =¢0) = —/ F(u)du = —mgé cos 6
0

The kinetic energy T is given by

1 .
T = -me*6?
2m 0

We can check that % = 0 at all t. The stationary points of V are at 6 = 0 and 6 = 7 (assuming

0 < 6 < 27). The 6 = 0 point is stable, since V(6 = 0) > 0. The 6 = 7 point is unstable. If
—mgf < E < mg¢, the pendulum will oscillate between two values since it cannot continue spinning
in circles. In particular, this oscillation occurs about a position of stable equilibrium. However, if we
add additional energy into this system, either 8 > 0 or 6 < 0 for all time. It is impossible to have
E < —mg#¢ since this is the minimum value of the potential.

Now, let us consider the period P of the oscillation of 6 after releasing the particle from rest at some
initial angle 6,. Note that the oscillation consists of 60 - 0 - —6;, — 0 — §;. By symmetry,
this period is four times the time it takes to go from 6, to 0. From the energy equation, we can

11



deduce

6o
P=4/ _ dé
0 \/%(cose

—cos6y)

6o
:4ﬁf de
8Jo +/2cosb—2cosb,

= 4@1%90)

where f is notably a function only of 8,,. Recall from the dimensional analysis lecture that

o= i)

noting that d/¢ and 6 both define the initial condition. So we have deduced this unknown function
H. This integral is difficult to compute exactly; however, we can compute an approximation when
6, (and hence 0) is small.

6o
dé
F(90)=/ ——
0 /@(2)_92
=
T2

which is independent of 6,. Hence, for small angles,

P~2r1 £
8

3.4 Force and potential in three spatial dimensions

Consider a particle moving in three spatial dimensions under a force F. Then Newton’s second law
states

m¢ =F
We define the kinetic energy by
T =2l = Sfuf
S22t T2
Then T
—=mr-¥=F-r=F-u
dt

This is the rate of working of the force on the particle. Let us consider the total work done by a force
on a particle as it moves along a finite curve C from ¢; to t,. Then the total work done is the line

integral
ty ty r(t)
W:f F-udt:/ F'fdt:f F.dr
¢ ty r(t1)

1

12



Note that we must specify that this integral acts along the curve C, since any other curve could con-
nect the points r(¢;) and r(¢,). We can write this integral in terms of coordinates:

r(t)
f E.dx + Fi, dy + E, dz
r(t1)

Now, if force is only a function of the position r, then we say that F(r) defines a force field. A conser-
vative force field is such that
F(r)=-VV(r)

for some function V(r). In component form, this is equivalent to

ov

Fi:_a_xi

If the force is conservative, then the energy E = T + V(r) is conserved.

Proof.

dE dT d - . L. .o
E—E+aV(r)—mr-r+VV-r—mr-r—mr-r—0

O

Let us consider the total work done on the particle under a conservative force. From the properties
of the gradient vector,

szF-drz—fVV-der(rl)—V(rz)
c c

Note that this is dependent only on the end points of the curve; it is irrelevant of the path taken.
Hence, if C is closed, then no net work is done by the force. Note that in general, F(r) is not conser-
vative, so in general there is no V(r) such that F = —VV. In fact, F(r) is conservative if

VXF@) =0

4 Gravitational and electromagnetic forces

4.1 Gravity

The gravitational force experienced by a mass m at position vector r relative to a mass M is given
by
—GMm —-GMm
F = T = -
3 2
x| ||

This is a conservative force:
—GMm

F(r)=-VV(r); V(r)=
To remove the factor of m, we define the ‘gravitational potential’ @, to be

—GM
Py(r) = ——

13



We further define the gravitational field

-GM

r

g(r) = -V, (r) =

Note that this is dependent only on M, and not m. These quantities are related to F and V by scale
factors of m.
V(r) = m®,(r); F(r) = mg

We can generalise these expressions to define the gravitational potential associated with many point
masses M; fori =1, ...,n. Then,

5 GM;
@, (r) = —
==
" GM;
gr)=-> ——(@-r)
i=1 |r—1j|

We can extend this to a continuous mass distribution by generalising the summation into an integral.
In particular, for a uniform spherical distribution of mass centred at the origin, we have that outside

the sphere

-GM
Do) = ==

which is equivalent to the formula for a point mass at the origin. So we can represent any spherical
distribution of mass as a particle, provided we never consider behaviour inside the sphere.

4.2 Gravitational and inertial mass
Note that in the equations for gravitational force, mass plays two roles.

« Inertial mass: In Newton’s second law, mi¥ = F shows that the mass encapsulates the resistance
to motion

—GMm

« Gravitational mass: In the law of gravitation, F =
the mass affects the force.

t, showing the scale factor by which

It turns out that these ‘masses’ are not exactly the same; they differ by a factor of around 1 x 10712,
In this course, we will consider these masses to be identical since the factor is very small.

4.3 One-dimensional approximation to gravity

Let us consider a one-dimensional approximation. Consider a mass m at some height z above the
surface of a planet of mass M and radius R, where z <« R. Using the binomial expansion, the potential
is approximated by
-GMm —-GMm GMmz
V(R = ~ - ..
R+2) =332 R "R

The first term in the expansion is a constant, and the second term is mgz where g is a constant. So
when z < R,

GM
VIR+z)~ mgz; g= =z 7 9.8 ms™2

14



4.4 Escape velocity

Consider a particle leaving the surface of a planet of mass M and radius R, starting with velocity v.
Can this particle escape the gravitational attraction of the planet, and fly off to infinity? By conserva-

tion of energy,
1 'Mm
E=T+V=§mvz—G—

If E < 0, the particle does not have sufficient energy to leave the ‘potential well’ V. If E > 0, the
particle can escape to infinity. The critical velocity v, at which the particle can escape with lowest
energy (the escape velocity) is therefore computed by setting E = 0atr = R, i.e.

lvz—%:v— _ZGM
207 R °~V R

Note that light has a finite velocity, c. Therefore it must be possible that a mass is large enough that
even the speed of light is insufficient for a particle to escape from a given radius. This describes a
black hole. Of course, at this point we would need to invoke Einstein’s theory of relativity in order to
properly describe the behaviour of such an object.

4.5 Electromagnetism
We know that the force F acting on a particle with charge q is
F=qE+qrxB

where E, B are functions of r and ¢t. This is known as the Lorentz force law. Let us first consider
time-independent fields E(r), B(r) as a simplification. In this case, we can write

E=-Vd,(r)

where @, is the electrostatic potential. The force gE is therefore conservative. We now prove that for
time independent E(r) and B(r), F is conservative.

Proof.
1 .2
E = Smlif’ +q2,(r)
c(lj—]f =mit - ¥+ qi- VO,(r)

=1 (mf+qVd,)
=t -(QE+ qi X B+ qV®d,)
=1t-(qk X B)
=0
since this is a triple product where two of the vectors are parallel. Since B acts perpendicular to the

velocity, it does not do work on the particle. O

Analogously to point masses, we may consider point charges. A particle with charge Q located at the
origin generates an electrostatic potential and electric field

Q

Q .
CI)e(r) = 4?&'07" E(r) = —V(I)e = Wt
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where £, = 8.85 X 10"12m=3kg ' s? C? is the electric constant. So the force on a particle of charge q
located at r is given by

_ __Qq .
F=-qve. = 471'50;’2r

This is called the Coulomb force. A negative sign is an attractive force; a positive sign is a repulsive
force. This can be seen by considering a perturbation from the origin.

5 Friction

Friction is a contact force, unlike the forces we have discussed previously. It is a convenient encap-
sulation of many complicated molecular phenomena; it is not a fundamental force.

5.1 Dry friction

The friction associated with solid bodies in contact is called ‘dry’ friction. It has two associated forces:
the normal force N perpendicular to the contact surface, which prevents objects from passing through
each other, and the tangential force F parallel to the contact surface, which resists the relative tangen-
tial motion of the bodies in contact. When the two bodies are static, the empirically-derived formula
relating the forces is

|F| < us|N|

where u; is the coefficient of static friction. If the objects start to move relative to each other, this is
kinetic friction. In this case,
|F| = [N

where . is the coefficient of kinetic friction. Generally pg > py > 0.

5.2 Fluid drag

When a solid body moves through a fluid (a liquid or a gas), it experiences a drag force. There are
two important equations that model fluid drag. The linear drag formula is

F = —klu

This formula is most relevant to ‘small’ objects, moving through a viscous fluid. Stokes’ drag law for
a moving sphere states that
kl = 67T77R

where 7 is the viscosity of the fluid, and R is the radius of the sphere. The quadratic drag formula
is
F = —k,|uju

This formula is more relevant to ‘large’ objects, moving through a less viscous fluid. Of course, k; #
k, since they have different dimensions. Typically, we have

ky = pauiaCpR?

where Cp is the drag coefficient, and R2 is the size of the cross section.
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5.3 Work done by friction

Note that since friction always acts in a direction opposite to a component of motion, the body loses
kinetic energy if the fluid (or other body) is assumed to be at rest. The rate of work under a fluid’s
drag force is

-k, |u|2 linear drag
F-u= 3 .
—k,|u|” quadratic drag

In the latter case, the total work done is proportional to |u|2 multiplied by the total distance travelled.
The fluid gains energy, which may manifest as heat.

5.4 Projectiles experiencing linear drag

Let us consider the example of a projectile moving through the air, under uniform gravity and a linear
drag force.

md—u =mg—ku
a - "8
Solving with an integrating factor, we have
d ekt/m — pgokt/m
" (uekt™) = mge
mg

u=—°2 4 Cekt/m
k

We can find C using the initial conditions, say att = 0,x = 0,u = U.

u="8 +(U— _Tg)e‘kt/m

k
Then
X = %t—%(U— _Tg)e‘kt/m +D
_mg m —8 —kt/

Now, considering the components of x = (x, y, z) and u = (u, v, w), we can choose

U= (Ucosb,0,Usin®); g=1(0,0,—g)

u U cos Ge~kt/m
w (Usin9+ E)e"“/m—ﬂ
k k

Note that the terminal velocity is (0,0, —mg/k), achieved on a time scale of m/k (as seen from the
exponential term). Further,

Then

mU cos @ (1 _ e_kt/m)

X k
Y= 0

m . mg —kt/ mgt
z ;(Us1n6+—k)(1—e ”")——k

There exists a range R of this particle, since initially the particle moves upwards, but as time increases
the particle begins moving downwards again. R is a function of U, 6, m, k, g. We can construct the
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dimensionless group LA U—;I‘i, which can be thought of as the gravitational time scale divided by
mg m

the frictional time scale. Dimensional analysis shows that

When kv < 1, this is very small friction.
mg

2
R= % -2sin 6 cos O

When 2 > 1, this is very large friction.
mg

. . . kU
R is a decreasing function of —.
mg

6 Angular motion and orbits

6.1 Angular momentum

We define the angular momentum for a particle with position vector r(t), of mass m, moving under
the influence of a force F as
L=rxp=rXxXmr

Then
L=mixi+mrx¥=rxF=G

This term r X F = G is sometimes called the torque or the moment of the force. The values of L and
G depend on the choice of origin, so we typically refer to the angular momentum about a particular
point. If r X F = 0, then the angular momentum is conserved. The angular momentum around some
suitably chosen point may be constant; this may help with calculations since we are free to choose
the origin.

6.2 Orbits
We will begin the topic of orbits by considering the problem of gravitational orbits. Let
mi = —-VV(r)

This represents a particle moving in a conservative force that is a function only of the radius from the
origin. For this problem, we are assuming that the ‘central’ mass remains fixed at the origin. This is
a good approximation if the central mass is significantly larger than m.

6.3 Central forces

We define a central force as a conservative force with the potential V(r) being a function only of the
radius from the origin. Consequently,

F=-VV(r) = -VV(r|) = —%f
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Consider the angular momentum L about the origin, given by

L=r><F=r><<—d—Vi‘>=0
dr

So angular momentum about the origin is conserved for any central force. Further, from the defini-
tion of L,
L-r=0

Hence, the motion of the particle is confined to the plane through the origin, perpendicular to L.
This reduces a three-dimensional problem into a two-dimensional problem.

6.4 Polar coordinates in the plane

A convenient choice of coordinates to use is the set of two-dimensional polar coordinates, by choosing
the z axis such that the orbit lies in the plane z = 0. Then

x=rcosf; y=rsinf

Then, relative to the Cartesian axes,

_ o _ [cosB) . _(—sinf
€r=T=\sing)> ® =\ coso

At any point, e,, eg form an orthonormal basis, but the basis can point in different directions for
different values of 8. In other words, they form a set of orthonormal curvilinear coordinates. We
have

@er = €g; @eg = —€,

Note that for a moving particle, r and 6 are functions of position, and hence functions of time. So we
can use the following results:

de, _ dOde, 46 de; _ dode, e

TR T - B T TR T - B T]

We can compute expressions for velocity and acceleration in terms of these new coordinates.

r=re,
S F=Te, + rie
de ™

=re, + rées

So 7 is the radial component of the velocity, and ré is the angular component of the velocity. Note
that 8 is the angular velocity. Further:

i Fe, + rfeg)

=4
T dt
=ie, + 7€, + féee + réee + réée

= Fe, + FOeg + ey + rbeg + 1o (—Ce,)
= (F—r0?)e, + (20 + rb) eg

Again we can read off the radial and angular components of the acceleration.
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6.5 Circular motion

Let us consider the example of circular motion with constant angular velocity. Then we can setr = a,

0 =w,and let7 =¥ = 6 = 0. We can find that
I = awep; T = —aw’e,

The acceleration is in the inward radial direction, which constrains the particle to follow a circular
path instead of flying off tangentially towards infinity. Therefore, by Newton’s second law, there is a
constant force in this direction.

7 Orbits and stability

7.1 Motion in a central force field

By Newton’s second law, the force in a central force field is given by

.. dv
mfr=F=-VV = —ﬁer
The results from the previous lecture give
m (i —r6%)e, + m(2¢0 +rb)eg = — dVe (%)
r dr r

But the right hand side has no angular component, so m (27"9 + ré) = 0. Then

m d :
7&(726) =0

So the quantity h = r26, known as the specific angular momentum (since it contains no mass com-
ponent) is constant. Note that the angular momentum L is given by

L = mr x i = mre, X (e, + rfeg) = mr?de,

Hence the magnitude of the angular momentum is constant. Now, let us consider the radial com-
ponent in ().

mi — mrg? = — &
dr
mii = —d—V _mh2
T dr r3
L AV
mit = ——
where
mh?

Ver(r) = V(r) + 57

where Vg is called the effective potential. In other words, the motion of the particle is equivalent to
one-dimensional motion under the influence of the effective potential. The energy of the particle is
given by

1

1 : h* 1
T+V(r)= >m (P +r?6%) +V(r) = Emfz + —r;lrz +V(r)= im;"2 + Vegr(r)

which is consistent with our description of the effective potential.
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7.2 Orbits under gravity
As an example, let us consider

—GMm

—GMm  mh?
vy ="M v = mh

r 2r2
The effective potential has a single minimum point at 7,, and a single root at r,. In other words,
Veg(re) = 0 and Vg(ry) = 0. We can compute that

h? h?

=3em T oM
The minimum energy is therefore
—m(GM)?
Epin = o

What is the possible motion of the particle? At E = E,;,, we have r(t) = r,, an equilibrium position.
Further, 6 = ﬁz everywhere. At E.;, < E < 0, then r(t) oscillates between a minimum point
I

(periapsis/perihelion/perigee) and a maximum point (apoapsis/aphelion/apogee), and 8 varies. If
Ein > 0, the particle escapes to infinity. This is sometimes called an unbound orbit.

7.3 Stability of circular orbits

Consider a general potential V(r). Does a circular orbit exist, and is it stable? We will assume that
the angular momentum is given and nonzero. For a circular orbit, the radius is a constant value r,, so
# = 0and hence V 4(r,) = 0. We know that we have a stable equilibrium if V¢ has a minimum at this
point. Correspondingly, it is unstable if this is a maximum. So, for instance, it is stable if V z(r,) > 0.
Now, let us rewrite these conditions in terms of V(r).

, mh? ) ) 3mh?
V'(r,) — 5= 0; V'(r)=V"(r)+——>0
* *

We can combine these to give the condition for stability as

V@) |,

*

V' (r.) +

Now let us consider an example,
—km
V(r) = 5

where p > 0,k > 0. If p = 1, this is an example of an inverse square law. We have a circular orbit
if

pkm  mh?
1”3 =0
T Ik
Hence,
1
p-2 _ pkm _ [ pkm\p-2
) :r*_<mh2>

So there exists a circular orbit for all 4 provided p # 2. Is this a stable orbit?

3V'(r,) —kmp(p+1) 4 3kmp  p(2 - pkm

V() + - -
+2 +2 +2
£ e e e

So this is greater than zero (stable) if 0 < p < 2 and less than zero (unstable) if p > 2.
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7.4 The orbit equation

What shape does a non-circular orbit trace out? We could in principle find r(¢t) by the energy equa-
tion 1
E= Emi’z + Vu(r) = constant

mfr du
t=%\ 7 | ——
2 E — Vegr(u)

Then we can use r(t)?6 = h to deduce 6(t). However in practice, this is not useful. An analytic
solution is only possible for a small family of effective potential functions. It is somewhat more
convenient to find r in terms of 8, not in terms of t. We can write

d_d9d _hd
dt — drdo ~ r2de
Applying this to Newton’s second law, we have

hd(hd )_mhz

Hence

"rae\rae’) " = =0

h . I
The — _dde r term suggests using the substitution u = 1 Then
r r

d du

2 (—h=—=) - 2 3: -1
mhu de( hde) mh*u’ = F(u™)

du -1

" u= mhzuZF(u_l)

This is known as the orbit equation. We can solve this for u as a function of 6.

7.5 The Kepler problem

The Kepler problem is the orbit problem, specialised to the case of a gravitational central force. The
force is

—mk
F(r) = =
where the constant k is equivalent to GM. Hence,
d’u -1 5
a8 T4 e T =

This gives us a linear equation in u, which is promising for solving this equation. The solution
is

u= % + Acos(6 — 6y)

where A and 6, are specified by the initial conditions. Without loss of generality we can let A > 0. If
A =0,thenu = h% giving a circular orbit. If A > 0, then u is maximised (at periapsis) when 6 = 6,
and u is minimised (at apoapsis) where 6 = 6, + 7. We will choose that 8, = 0 for convenience; we

will simply need to change the origin of our coordinate system if this does not hold. We will redefine
other constants for convenience:
1 e h* h?

e=A—

YT Trecse (T k
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This is the equation of a conic section. Here, e is the eccentricity of the curve. We can rewrite this in
Cartesian form:

r(l+ecosb)=2¢

r=¢—ex
x2 +y? = (¢ — ex)?
(1 —e®)x? + y? + 2elx = £2 @)

By inspection we can see that the value of (1 — e?) determines the shape of the conic section.
» (0 < e < 1) This forms an ellipse; the orbit is bounded by f <r< li. We can rewrite (}) as
e —e

2 2
rea)  yo_,
a b2

€

V1-e2

of a circle. The origin lies at one of the foci of the ellipse.

where a = 1i2 and b = , and therefore clearly b < a. Note that e = 0 is the special case
—e

» (e > 1) This forms a hyperbola. This is an unbounded orbit, since there exists a value a such
that as & — «a, we have r - 0. Note that a = arccos(_—l) € (g, 71') We can transform () as
e

before:
(x—ea)® y* _
e !
¢ o . . . . . .
where a = = and b = et This hyperbolic orbit represents an incoming body with large

velocity, which is deflected by the gravitational force. The asymptotes are
y= ig(x —eaq)
In other words,
bx ¥ ay =eab
The normal vectors to the asymptotes are
(b, xa)
N

The (asymptotic) perpendicular distance between the incoming particle and the central mass
(the origin) is given by

n=

(b,+xa) _ bxFay _ eab
Vet Ja+b2 Ja+p
This is sometimes called the impact parameter, since it is the distance away from impacting the
central mass.

=b

r-h=(xy)

+ (e = 1) This is the form of a parabola. This can be seen as the ‘transitional’ case between the
ellipse and the hyperbola.

re €
"~ 1+4cosf
Hence, r - oo as 6 — *. In Cartesian coordinates,
y? = 6(¢6 — 2x)

The other variables have very useful geometric interpretations; review diagrams of conic sections for
more information.
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7.6 Energy and eccentricity

Recall that ) ,
. : m
E = Em(rz + r292) — T
We can rewrite this in terms of u, using 7 = —hj—g:
2
_1 o, ((du 2
E = 2ml'z ((d@) +u) mku

155 2 n 1 mk

—Emh (e sin“ 6 + (1 + ecos9) )6—2—7(1+cose)
_mk 5

=3¢~V

So the energy is positive (unbounded orbits) if |e| > 1, and negative (bounded orbits) if |e] < 1. The
marginal caseisate = 1,and E = 0.

7.7 Kepler’s laws of planetary motion
Kepler’s Laws state:
(i) The orbit of a planet is an ellipse, with the sun at one focus.

(ii) The line between a planet and the sun sweeps out equal area in equal times.

(iii) The period P and the semi-major axis a are related: P? « a>.

Note that the first law is consistent with our solution of the orbit equation for bound orbits. The
. o 1, o
second law can be rewritten as approximating the sector area with 57 86, giving a rate of change

with respect to time of %rzé, which is half of the angular momentum h. So this law can be seen as

stating that the angular momentum is constant. Using dimensional analysis, we can get close to the
third law, but we need to be a little more precise to verify it completely. The area of the ellipse is

mab = EP since in one period the line sweeps out the entire area of the ellipse. We can then derive

2
that P2 = %a? Note that two ellipses with equal semi-major but differing semi-minor axes have
the same period.

7.8 Rutherford scattering

Consider a positive charge fired towards another, fixed, positive charge. The particle will be deflected
by the electrostatic force between the two particles. What is the angle 8 by which the particle is
deflected? This is motion under a repulsive inverse square law force.

mk mk
v ="5 F)="%

We have already solved this problem for an attractive inverse square law force; this was the orbit
equation. We can replace k with —k to model a repulsive force.

u=ﬁ

+Acos(6—6;); 6,=0,A>0
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We can rewrite this as
€ h? Ah?
f=—o—; f{=—,e=—
ecosf—1 k k
Since we want r > 0, we need e > 1 such that for some 6, » > 0. Then,r —» o as 8 — =*a, with

arccos(e™!) € (0, ;—r) This gives a hyperbolic orbit. We find

(x—ea)® y* _ L ¢ ¢

; a=———,b=
a? b2 e2—1 2 _1

h is given by |r X I|. b, the impact parameter, is the asymptotic distance of the moving particle from
impacting the fixed particle. On the incoming asymptote, ¥ ~ ve, and r ~ be, + ze for some z.

Hence, h = bv. Since tan a = V e2 — 1, we have

St R (B) ()
tan o tan(g—ﬁ) k 2 k 2

Hence "
B = 2arctan (W)

8 Rotating frames

8.1 Introduction

Newton’s laws of motion are only valid in inertial frames of reference. Hence, the laws of dynamics
are different from the perspective of a rotating, or non-inertial, frame of reference. Let S be an inertial

frame, and let S’ be a non-inertial frame, rotating around the z-axis in S with angular velocity w = 6
where 0 is the angle between the x or y axis in S or S’. We will denote the basis vectors e; = {%,¥, 2}
for S and elf = {&',y',2'} for S’. Consider a particle at rest in S’, viewed in S, with position vector

r.
(@) A
— | =wXr w=wZ
This angular velocity vector is aligned with the axis of rotation. The convention is that viewed from

the direction of the vector, the rotation is anticlockwise. The same formula applies to any vector
which is fixed in S’, not just the position vector. In particular, this applies to the basis vectors:

—— | =wXe,
dt s t

d !
Here, for instance, (%) = 0. Consider a general time-dependent vector a, defined by the compon-
S
ents of the basis vectors in S':
3
a(t) = Y dj(De](t)
i=1

Then we can deduce the key identity:

(%a(t))sr .

L

: (Fra®)ei®

1

25



3

(520)_ =2 (Frei0) 0+ il o gl0)

i=1

3

2

i=1

(Frai) e+ é a(0)(wx e
- (§a0) _ +wxa

We can apply this identity to the position vector r, and the velocity .

(). =(F), +exr
dr /g \dt )

For the purposes of this derivation, we will allow w to depend on time.

(5), 1), ~{@), +-

d?r dr )
=|=—=] +20Xx|=—) +taoXr+wx(wxr)
de2 s dt /g

Now, let us write down Newton’s equation of motion in a rotating frame.

d2r>
m{=—| =F
(&),

d?r dr .
ml-—=) +2mox(—| +moxr+mowx@xr)=F
de2 J, dt /g

Note that we do not need to distinguish between (i—?)s and (Z—T)S,, since any difference vanishes

d2 B i

d—;) can be referred to as ‘fictitious
S/

forces, since they only appear to be there as perceived by an observer in a rotating (or more general

non-inertial) frame. According to this rotating observer, these fictitious forces act in the negative

direction:

under the cross product with w. These extra terms apart from m (

d?r dr )
m|— =F—2mco><(—> —maXr—mwX(wXr)
de2 o dt /g
We can give each fictitious force a name:
o —2mw X (d—r> is the Coriolis force;
dt /s’
o —mw X r is the Euler force;

« —mw X (w X r) is the centrifugal force.

In many applications, we take the Euler force to be zero, since this only is relevant when the angular
velocity is changing.
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8.2 The centrifugal force

—mw X (w X 1) = —m((w - r)ew — w’r)
maw*(r — &(& - r))

= mw’r,

where r, is the component of r which is perpendicular to w. Note that |r | is the perpendicular dis-
tance from the point r to the axis of rotation, and r, is directed away from this axis. Hence the cent-
rifugal force is always directed away from the rotation axis, perpendicular to it, with its magnitude
proportional to the particle’s distance from the axis. Note that

ri:rz—(r-ci.\)2=|c2)><r|2

And
Vri =2r—2a(@-r) =2r;
Hence,

1
mw?r, = V(Ema)zri>

Therefore the centrifugal force is conservative. On a rotating planet such as the earth, it is often con-
venient to combine the centrifugal force and the gravitational force into an ‘effective gravity’
Bet = 8 + @71,

As an example, consider a spherical planet which rotates through an axis through a pole. Point P is at
latitude 4, i.e. it is A radians above the equator. On this point, we have Z normal to the Earth’s surface,
¥ in the north direction parallel to the surface and %X in the east direction parallel to the surface. The
earth has radius R. Now,

r=R%Z w=ow(ycosld+zsinAl)

Hence,
Beit = —82 + W’r,
= —g2 + w?Rcos A(zcos A — ysin 1)
= 2(w?Rcos?> 1 — g) — y(w?R cos Asin 1)

The angle a between g ¢ and 2 is

w?*Rcos Asin

o = arctan ——————
g— w?Rcos? 1

2
For earth, w = 8624% ~73%x105s ! and R ~ 6.4 X 105 m, hence 2= ~ 3.5 x 10-3. Neglecting the
g
w? term in the denominator, a is very small for the earth.
8.3 The Coriolis force
d
—2mw X (_r) = -2mw X Vv
dt S’

where v is as observed in the rotating frame. The force is proportional to, and perpendicular to, the
velocity. Consequently, this force does not do any work. Considering the previous example of the
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earth, let us consider a velocity tangential to the surface of the planet, specifically v = v, X + v,§.
The angular velocity has components w = w(§ cos A + Zsin 4). Hence,

—2mw X v = 2ma sin A(v,X — v, ¥) + 2maw cos A(v,2)
N—— e/

horizontal vertical

The horizontal component of the Coriolis force gives an acceleration to the right of the horizontal
velocity in the Northern hemisphere, and the acceleration is to the left in the southern hemisphere.
This appears due to the sin 4 term, where the sign changes depending on the hemisphere.

This force can be balanced by another force, notably a pressure gradient, which can be useful for
predicting weather patterns in meteorology. Hence, in the northern hemisphere, an area of low pres-
sure implies an anticlockwise flow of fluid around it; in the southern hemisphere this would imply a
clockwise flow of fluid. This is called a cyclone. A high-pressure environment (in either hemisphere),
would have the opposite direction of flow, and can be called an anticyclone.

8.4 Dropping a particle in a rotating frame

As an example, let us consider dropping a ball from the top of a tower. Where does it land, if we are
in a rotating frame?

f=g-2woXr—wX(wXr)
We will assume the rotation is slow, i.e. @?R/g is small (we can accurately say ‘small’ in this case since
w?R/g is a dimensionless constant).

F=g—2wXt+o0(w?)
I =gt—2wXr+o(w?)+ 2w X1,
N—_———
to match the initial condition
Hence, neglecting o(w?),
F=g—2wXgt+o(w?)
1 1
r= Egt2 —3@X gt3 + 1y + o(w?)

Now, consider g = (0,0, —g) and w = (0, w, 0), corresponding to the equator. Let ¥y = (0,0,R + h).

Hence,

r(t) = (0, 0, —%gtz) + (%wgt3,0, 0) +(0,0,R + h)

The particle hits the ground when h = %gtz, hence t = 4/2h/g, and the corresponding horizontal

displacement is therefore
3

1 2h\2
Ax = -wg (—)
3 g
So the particle hits the ground to the east of the tower’s base. This is consistent with conservation of
angular momentum.

Example (the Foucault pendulum). Consider a pendulum at the north pole. It will swing in the
plane fixed in an inertial frame; the earth rotates relative to this frame. From the point of view of an
observer on the earth, the plane in which the pendulum moves is rotating to the west.

If we’re at the north pole, the plane of rotation is observed to rotate once per day. This can be explained
using a fictitious force from the perspective of the rotating frame of reference of the pendulum. At a
general latitude A, the plane of rotation completes a circuit in csc 4 days. We can derive this result by
considering the dynamics of the pendulum under the Coriolis force.

28



9 Systems of particles

9.1 Basic setup

Consider a system of N particles of mass m; with position vectors r;(t) and momentum p;(t) = m;¥;.
Newton’s second law applies to the ith particle individually, but not necessarily to the whole group
without any further derivation.

mit; =p; = F;
We will make a distinction between internal and external forces;

N
— t
F, =F™+ ) F;
=1
where the FeXt is the external force on the ith particle, and the F;; is the force exerted on the ith

particle by the jth particle. Note that F;; = 0 since particles do not affect themselves. Newton’s third
law gives a further constraint:

F;j =—-Fj
9.2 Centre of mass
The total mass of the system, M, is given by
N
M = Z m;
i=1
The centre of mass, R, is given by
LN
= — Z m;r;
M i=1

The total linear momentum, P, is given by

N N
P=Zmlrl =Zpl = MR
i=1 i=1

which is the same momentum as a single particle of mass M and position vector R would have. Then,
by Newton’s second law, taking into account the fact that the F;; are antisymmetric,

P=MR

Il
™M=
:g.

1]
-

F 4+

I
M=
=
M=
e

1l
-
-
I
—
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I
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Fext

Il
.MZ

I

0
><P—‘
g

29



So the centre of mass moves as if it were the position of a mass M under the influence of a force Fe*t,
This extends Newton’s second law to a system of particles. If F**' = 0 then we have conservation of
the total momentum P. In this case, there will be an inertial frame tracking the centre of mass at its
origin.

9.3 Motion relative to the centre of mass

Let r; = R + s;, then s; is the position vector of the ith particle relative to the centre of mass.
Then

N N N N
Zmisi szi(l‘i —R): Zmiri —ZmiRzﬂ
i=1 i=1 i=1 i=1

d N
— m;s; | =0
dt (; : l)

N N
P=Zmi(R+Si)=ZmiR=MR

i=1 i=1

Further,

The total linear momentum is

as expected.

9.4 Angular momentum

The total angular momentum L is defined as

N
L= Zl’i X Pi
i=1
Then
N N
L:Zi‘ixpi+2rixpi
i=1 i=1

]
™M=
Kl
X
)

1l
—

Il
.MZ

1l
—

N
r; X (F?Xt + z Fl})

Jj=1

1

N N
t
riXF?X +ZriXZFij
i=1 j=1

1
M=

The latter term is not necessarily zero, but for example if F;; || (r; —r;) then it is zero. If F;; || (r; —1;)

then
N

L = Zri X F?Xt = Gext

i=1
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where G*! is the total external torque on the system. Relative to the centre of mass, we can write
instead
N
L= m®R+s)XR+8§)
i=1
N N N
m,-RX R+ ZmiRXSi+ Zmisi XR+Zmisi X S,-
i=1 i=1 i=1

=0 =0

Il
.MZ

1l
—

N
m,-RXR+2misi><Si

i=1

I
.MZ

1]
—

So the total angular momentum is essentially the sum of the angular momentum of a particle of mass
M at R moving with velocity R, and the angular momentum associated with the particles relative to
the centre of mass.

9.5 Energy

The total kinetic energy T is given by
S 1
1=

N1
= Emi(R +5;)?
i=1

1 N N N 1
— 2 D | & &2
—ER Zmi+ ZmiR-si+Z§misi
i=1 i=1 i=1
=0

1 N 1

— 2 2 a2

= EMR + & Emisi
1=

The total kinetic energy is the sum of the kinetic energy of a particle of mass M at R moving with
velocity R, and the kinetic energy associated with the particles relative to the centre of mass. Let us
consider the rate of change of kinetic energy:

N
ar d¥1
@ = @ 2"
i=
—ilml‘ r
- PRAL A A
i=12
N N N
=ZrlFeXt+ZrlZFu
i=1 i=1 j:l

N N N
=Zi’i‘FeXt+Z Z(rl—rj)Fl]
i=1

i=1 j=it+1
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If the external forces are defined by a potential
Ftiext — _Vri I/iext
and the internal forces are defined by a potential

Fijj ==V, V(i —r))

then
N N N
ar 4 d . d
T X g L VE-ry)
i=1 i=1 j=1+1

Hence we have conservation of energy if the given properties are true.

10 Applications of orbits

10.1 Two body problem

Consider two bodies of mass m;, m, experiencing gravitational attraction to the other, with no ex-
ternal forces. Let m; be at position r;, and m, at r,, with the centre of mass at R, and total mass
M = m; + m,. Then certainly,

1
R = —(mir; + myr
M( 11 212)
We will define the separation vector r = r; — r,. We can then further say that

m m;
rr=R+—r, rn=R—-——r
! M 2 M
Since F! = 0, the centre of mass R does not accelerate; it moves with constant velocity. Now, let us

consider r.

e F F 1 1
r=r1+r2= l—izFlz(—'i'_)
my my my m
Equivalently, we can write
i=F, =
MY =Fip5 M= my + m,

Notice that u has the dimension of mass; we call it the ‘reduced’ mass since it is less than m; and m,.
This can be seen as the equation of motion of a particle of mass u under the effect of force F,. In the

case of a gravitational force, we have
. —Gmm,
HE = ————
Ir|
Hence,
. —Gim + my)
fr=—=r
3
Ir|
This is the motion of a particle under the effect of a gravitational force due to a mass m; + m, fixed
at the origin. The total kinetic energy T is

1, ., 1
T = sMR? + Zpui?
PRl

The total angular momentum L is
L=MRXR+urxi
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Example. Let us consider the orbit of the earth and the sun. Both particles move around the centre
of mass, and both orbits have the same shape. However, the sizes of the orbits are very different. The
ratio of masses is around 3 X 10™4, and the radius of orbit is approximately 1.5 x 107 km. Hence the
displacement of the sun is around 450 km.

10.2 Variable mass problems and the rocket problem

Consider a rocket which ejects mass (exhaust gases) at a high speed in order to propel itself forward.
We cannot apply Newton’s second law to the rocket alone, since in this system mass is not conserved.
Consider the rocket moving in one dimension, with speed v(t) and mass m(t). The mass is being
expelled at velocity u relative to the rocket. At time t, the rocket has momentum v(t)m(t). At time
t + 8t, the momentum is v(t + 8t)m(t + &t). The exhaust gases emitted during 8t have velocity
u(t) — u + O(6t) and mass m(t) — m(t + 6t). The total momentum at ¢t + 8t is

u(t + 8t)m(t + 6t) + (v(t) — u + O(6t))(m(t) — m(t + 6t))
So the change in momentum is
Sp =v(t + dt)m(t + 8t) + (v(t) — u + O(6t))(m(t) — m(t + 6t)) — v(t)m(t)

_(dm dv 2
_<dtu+mdt)5t+o(5t)

But since momentum is conserved,
dmu + mdv =0
dt dr —

dv .
— = F*! in the presence of

This is called the rocket equation. We can generalise this to Z—Tu +tm— =

external forces. In the absence of such external forces,

dm dv
T "
— o(t) = v(0) + ulog(%)

11 Rigid bodies

11.1 Definition

A rigid body is an extended object of finite size that can be considered as a multi-particle system such
that the distance between any two particles in the body remains constant, i.e.

|r; — r;| = constant

The possible motion of a rigid body is therefore constrained to some combination of the two basic
isometries of Euclidean space, rotations and translations. We exclude reflections from this, since this
would alter the ‘ordering’ of the points in some sense.
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11.2 Recap of angular velocity

Consider a particle rotating about an axis through the origin with angular velocity w. Let r; be the
perpendicular distance from r to the axis of rotation. Then

r=wXr, i =wr
If the particle has mass m, then the kinetic energy T is given by

1 . 1 1
T= zmr2 = zm(w Xr) (WXT) = Emwzrf

Note that if w = wn, then r;, = |n X r|. We will define the moment of inertia I to be

1
I=mr} = T=§Ico2

11.3 Moment of inertia for a rigid body

Consider a rigid body to be made up of N particles, rotating about an axis through the origin, with
angular velocity w. For each particle in the body,

i.i =wXTr;
Note that
d 2 L
a|l‘i—1'j' =2(r; —r;) - (& — ;)
=2(r; —1j) - (@ X (r; — 1;))
=0

which is consistent with the expected properties of the rigid body. Consider the kinetic energy of the
entire body, which is the sum of the energies of the component particles.

N1
T = Z Emlrlz
i=1

N
1 2
=>. 5Milw X x|
i=1

N

1 2
5602 Z mi|n X l'i|
i=1

1
= ~Jw?
2
N . o . .
where I = ). m;jn x rl-|2 is the moment of inertia of the body for a rotation of axis n through the
origin. Now, we can consider the angular momentum.

N
L=Zmiri X(COXI'i)
i=1

In the case that w = wn, we have

N
L=0w) mrX({DXr)
i=1
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Now, we will consider just the component of L that is parallel to the rotation axis.

N
L-n=w2min-(r,~x(nxri))
i=1
N
=w) mnxr

i=1

N
— "2
= 2 m;ri|
i=1

=Jw

2
|

Therefore the component of the angular momentum in the direction of the rotation axis is Iw. How-
ever, it is not the case that L only has a component in the direction of the rotation axis; indeed it is
possible that it may have more components in other directions. We can derive that

N
L:meirix(nxri)

i=1

my(Jr; e — (r; - w)ry)

Il
.MZ

i=1

which is a linear function of the vector w. For instance, in terms of suffix notation (which is not
examinable),

L, = af@g
for some symmetric tensor I (symmetric since Iz = Igg). In fact, we can deduce

N
Lg = 3 mi 5?05 — (X)a(x)g)

i=1

In general therefore, there are three principal axes; three linearly independent directions w such that
I - w is parallel to w. If a body is rotated about one of these principal axes, the angular momentum
L will be parallel to w. This holds for any shape of body, since it is simply a property of matrices. To
recap, if we choose to rotate in a direction such that L is parallel to w, then

L =I(n)w

where I(n) is the moment of inertia about this axis n. Note that since we often consider bodies which
are symmetric about a particular axis, rotating about this axis guarantees this above property. Further
note the similarities between the equations for angular and linear velocities and energies:

1 1
T = Ele,L =Jw;, T= Emuz,p = mv

11.4 Calculating moments of inertia

For a solid body, instead of considering finite sums of particles we instead consider integrals. Con-
sider a body occupying a volume V, with mass density p(r). Then we can compute the total mass m

by
M=/pdV
v
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The centre of mass is given by
1
R=— f prdV
M J,
The moment of inertia about an axis n is

szplrl|2dV=fp|nxr|2dV
|4 |4

We can alternatively formulate these volume integrals as surface or line integrals in order to compute
these quantities for mass distributed on a sheet or along a curve. We can explicitly calculate these
values for simple shapes.

(i) Consider a uniform thin ring of total mass M and radius a. Let p be the mass per unit length,
which is therefore M/27a. The moment of inertia about an axis through the centre of the ring
and perpendicular to the plane of the ring is given by

27
M
I= / — a%adf = a*M
o 2ra

This is easy to compute since every point in the body hasr, = a.

(i) Consider a uniform thin rod of total mass M and length ¢. The axis of rotation is at one end of
the rod, and the rod is rotating about an axis perpendicular to its length. Here, p = M/¢.

Y
M 1
I= —x%dx = =M¢#?
7 3

(iii) Consider a uniform thin disc of mass M, radius a with the axis of rotation through the centre

of the disc, perpendicular to the plane of the disc. We will use an area integral, and let p = ﬂi

a?
be the mass per unit area. In plane polar coordinates,

a 27
M 1
I :f drf d6 —r’r = -Ma?
r=0 Je=o 7@ 2

(iv) Consider the same disc, but with the axis of rotation through the centre, in the plane of the
disc. Again in plane polar coordinates, we can let 6 be the angle between the axis of rotation
and the line through the point and the centre of mass. Therefore r;, = rsin 6. Hence,

a 27
I= f dr/ do ﬁzr2 sin?6r = lMa2
r=0 6=0 a 4

(v) Consider a uniform sphere with mass M and radius a, with axis of rotation through the centre
of the sphere. Then p, the density per unit volume, is 43%. In spherical polar coordinates, we
a
can let the 8 = 0 axis be the axis of rotation. Then

a T 2
I= / drf d@/ d¢ 3M3 r2sin’ 6r?sin 6 = %Maz
r=0 6=0 ¢=0 4ra 5

11.5 Results on moments of inertia
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Theorem (Perpendicular Axes Theorem). For a two-dimensional body (a lamina),
I, =L +]1,
where I, is the moment of inertia about the axis perpendicular to the lamina, and the I, and

I, are the moments of inertia in perpendicular directions in the plane of the lamina.

Proof. Let A be the lamina as shown. Then

Ixzfpysz; Iyzfpxsz
A A

where x, y are the plane Cartesian components of the position vector of a point. Then
I, = f,o(xz +yHdA =1 +1,
A

as required. O

This theorem is useful when there is a level of symmetry in the problem where I, = I,,.

Theorem (Parallel Axes Theorem). Consider a rigid body of mass M with a moment of inertia
I. about some axis through the centre of mass. Then the moment of inertia about a parallel
axis a distance d from the centre of mass has moment of inertia

I=1,+ Md?
Proof. Let us consider Cartesian coordinates, with the origin at the centre of mass. The moment of

inertia about an axis in the z direction through the origin is I, and the moment about the axis passing
through the point (d, 0,0) is I. Let us denote the volume of the body as V. Then

I = / p(x?+y?)dv; I= / o((x —d)? +y?)dv
v v
Hence,
[:fp(x2+y2)dV—2/pxddV+fpd2dV
v v 14

=0

The middle term is zero since the origin is the centre of mass, and we are integrating over the x
coordinate multiplied by a constant multiple of density.

I=1I,+Md?

as required. O
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11.6 General motion of a rigid body

In general, the motion of a rigid body can be described by a combination of
« the translation of the centre of mass, following a trajectory R(t), and
« the rotation about an axis through the centre of mass.

Like before, we define the position vector of a point i in the body as r; = R + s; where the s; are

relative to the centre of mass. Recall that Zf\il s; = 0. If a body is rotating about the centre of mass
with angular velocity w, then

$;=wxs; I=R+wXs;

Recall that the kinetic energy is
N
_lymo 1 2_Llywa 1. 5
T =-MR®+ EZ{misi = SMR? + - Lo

where I, is the moment of inertia about the axis of rotation n = w/w through the centre of mass.
We can therefore consider T as the sum of a ‘translational’ kinetic energy and a ‘rotational’ kinetic
energy. Recall that in a general multiparticle system, linear momentum and angular momentum
satisfy
p=F, L=G

where F is the total external force and G is the total external torque. For a rigid body, these two equa-
tions determine the translational and rotational components of motion entirely. Note that sometimes
we can determine the motion in a simpler way by using energy conservation laws. Note further that L
and G depend on the choice of origin, which could be defined as any point fixed in an inertial frame,

or alternatively we could define them with respect to the centre of mass. In this case, the equation
L = G still holds. Indeed,

N
d . .
G = — [MRXR+D ms; x§
external torque about origin dt i=1
d N
=MRXR+MRXR+ — > ms; x§;
de i=1

d N
=RXFeXt+aZmiSixsi
i=1

N
Hence the rate of change of the angular momentum about the centre of mass ;_z >

i=1 m;s; X S,- is
exactly G — R x F*', Therefore,

N
G, = ) 1; X F™ — R x F!

—

M=

(r; —R) X F®
1

Hence the rate of change of the angular momentum about the centre of mass is exactly the external
torque about the centre of mass.

38



Example. Consider the motion of a rigid body in a uniform gravitional field with constant acceler-
ation g. The total gravitational force and torque acting on the rigid body are the same as those that
would act on a particle of the same mass located at the rigid body’s centre of mass. In a gravitational
field, the centre of mass is often referred to as the ‘centre of gravity’. Indeed,

N
F= Z Ftiext
i=1

N
= Z m;g
i=1

Correspondingly, the total torque is given by
N
G=) G
i=1
N
= Z r; X m;g
i=1

N
= Z mr; X g
i=1
=MRXg
Note that the gravitational torque about the centre of mass is exactly zero, since

N
GczZsixmig

i=1
N
= 2 m;s; X g
i=1
=0
Note further that the external potential VX!, which is exactly the gravitational potential, will be given
by
N
Vel = — > mr; - g
i=1
=-MR-g

Consider a stick thrown into the air. The centre of mass will follow a parabola, and the angular
acceleration about the centre of mass is zero.

11.7 Simple pendulum

Consider a uniform rod of length ¢ and mass M, fixed at one end to a pivot point O. The centre of
mass is the midpoint of the rod, at a distance of ¢/2 from the pivot. The angle between the rod and the
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rest position (when the rod is pointing downwards from the pivot) is 6. We can consider the angular
momentum about the pivot point.

w=06; L:Ié:%Mezé

The torque produced by the gravitational force is
G=-M gg sin 6

The torque associated with the force at the pivot will be zero, since it acts on the line of the rod. We

have p 3
L=GC = I6= Mg251n6=>6 >z sin 6
which is equivalent to a simple pendulum of length 2¢/3, and small oscillations will have period

274/ 2¢€/3g. We could alternatively solve this using conservation of energy.

: Mgt
T+V=%IGZ—Tgcos9=E

where E is constant. Then Mot
165+ —2=65sin6 = 0
So either 6 = 0 everywhere, or
. Mgf
19+ Tg sinf =0
which gives the equation of motion we found earlier. In general, when solving a problem, there are

three methods:

(i) use Newton’s second law for the centre of mass, and use the rate of change of angular mo-
mentum about the centre of mass;

(ii) use the rate of change of angular momentum about a fixed point; and

(iii) use conservation of energy (less useful in general, since it removes dimensions).

11.8 Comparison of sliding and rolling

Consider a cylinder or a sphere with radius a, moving along a stationary horizontal surface. The
general motion is some combination of the rotation of the centre of mass with angular velocity w and
the translation of the centre of mass with velocity v. The point P is the instantaneous point of contact
between the body and the surface. The horizontal velocity of the point of contact is given by

Uglip = U — aw
In general, the point of contact P slips, and there may be some kinetic frictional force associated with
this slip. We can categorise rolling and sliding as follows.

« A ‘pure sliding’ motion is given by w = 0, and v = vg;, # 0. In this case, the body slides across
the surface without rotation.

« A ‘pure rolling’ motion is given by vy;, = 0, but v # 0 and w # 0. In this case, the point of
contact P is stationary. A rolling body can be described instantaneously as rotating about the
point of contact with angular velocity w.
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As an example, consider a body rolling downhill, where the hill has a constant incline « to the hori-
zontal. Let x be the displacement of the centre of mass from its initial position, so v = X. Let Mg be
the gravitational force, N be the normal force, and F be the frictional force. Now, we know that the
rolling condition is that v — aw = 0. We will analyse the motion of this body, under the assumption
that it is rolling, by considering conservation of energy.

I

_ L1yl 2_1( _)2. - :
T—2MU +2Ico —2M+azv, V =—-Mgxsina

The normal force does not do any work, since it is perpendicular to the direction of motion, and the
frictional force does not do work because the point of contact is instantaneously stationary. Hence,

energy is conserved, giving
1

§<M + é)vz — Mgxsina=E
Hence,
(M + é)xx — Mggsina =0
We have therefore deduced that
(M + é)x = Mgsina
which is a second order differential equation with constant coefficients, which we can solve. Note
that due to the ail term, the total acceleration is less than it would be for a frictionless particle (since

such a particle would not rotate). For example, a cylinder would have I = iM a’hence ¥ = §M gsina.

Alternatively, we could analyse the forces and torques. We can use Newton’s second law to de-
duce
Mv = Mgsina — F

Further, the rate of change of angular momentum about the centre of mass is
Io = aF
The rolling condition implies that 0 = aw, hence

Iv Iv I
L _aF = MU:Mgsinoc——U = <M+—)D=Mgsinoc
a a2 a2

We could also alternatively look at the torque about the point P. In this case, using the parallel axes
theorem,
IP =1+ Ma2
Then, )
Ipe = Mgasina = (Ma? + I)Z = Mgasina

and the substitution v = aw gives the equation we found before.

11.9 Transition from sliding to rolling

Consider a sphere with radius a that begins by sliding across a horizontal surface, for instance a
snooker ball being hit parallel to the table, through the centre of mass, by a cue. Eventually, the
ball will transition from sliding to rolling across the table. Initially, v = vy and @ = 0. The kinetic
frictional force F is given by

F=uN = uMg
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Considering linear motion, we have

Considering angular motion,
2
Io =aF = gMacsz

Hence,
2
Mv + gMacb =0 = v=vy)— U8t = %ukgt

We can now compute the slip velocity.
7
Uslip = U — AW = Ug — zﬂkgf

There is slipping when vg;, > 0, which occurs for

0<t< 209
g

Rolling begins when t = 222
T8

= t,o- Note that at this time,

1 1 1 2 5(1
T = EMu2 + EIcu2 = §M<1 + §>vfou = 7(§MU%)

So during the sliding phase, we have lost % of the initial kinetic energy. We can check the loss of
kinetic energy due to friction, giving

Lroll troll 7 2/1
/ Fvslip dt = f F(UO - E,ukgt) dt = 7<§MU(Z))
0 0

as expected.

12 Special relativity

12.1 Introduction and postulates

When velocities get comparable to the speed of light ¢ = 299 792 458 m s~!, the Newtonian theory of
dynamics is no longer a good approximation to real-world dynamical systems. In this case, we need
to consider the Special Theory of Relativity in order to get a better understanding of the real world.
The theory of special relativity is based on two postulates:

(i) The laws of physics are the same in all inertial frames.
(ii) The speed of light in a vacuum is the same in all inertial frames.

The first postulate is consistent with the Newtonian theory of dynamics. The second postulate arises
from the fact that we cannot detect any change in the speed of light in inertial frames moving at
different velocities. This second postulate then has major consequences; in fact, we must rewrite
our understanding of space and time, as well as the relationships between energy, momentum and
mass.
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12.2 Lorentz transformations

Consider two inertial frames S and S’, which are related by a Galilean transformation given by
X =x—-vt; y=y; z'=z t'=t
Consider the path of a ray of light travelling in the x direction in S. It has position x = ct. In S’, we
have
X' =x—-vt=ct—vt=(c—0v)t

This contradicts the second postulate, since this would imply that the speed of light is not in fact the
same in all inertial frames. Therefore, the assumption that there exists a Galilean transformation
between the inertial frames was incorrect. In order to rectify this apparent contradiction, we must
let space and time interact with each other under this transformation. The particular transformation

that satisfies both postulates of special relativity is called the Lorentz transformation; we will now
construct such a transformation.

Consider inertial frames S and S’ that have the same origin when t = t' = 0. S’ is moving at a speed
v in the x direction relative to S, and we will assume that y’ = y and z’ = z. Postulate 1 implies
that a particle moving at a constant velocity in S must appear to be moving at a constant velocity
in S’. So the transformation (x,t) — (x’,t") must preserve straight lines, hence it must be a linear
transformation. We know that the origin in S’ (called O") moves with speed v, hence

x' =y(x —vt) €Y)

where y is a function of |v|, since there is no directional preference in our system of physics. Further,
O moves with speed —v in §’, so in the same way,

x =y(x" +vt") )

The y value is the same since y(v) = y(—v). Consider a light ray passing through O and O’ att =t' =
0, moving in the x direction.
x=ct; x =ct
We can now substitute these equations into the results we found before.
x=ct=y(x' +vt")y=y(c+v)t; x'=ct' =y(x—vt)=y(c—v)

For consistency,

Hence,
1
y=
02
)
We call y the Lorentz factor. Using (1) and (2), we can deduce that
! X !
ut' = ——Xx
14
x
== —ylx—ur)
14

1
= V(ﬁ - 1>x + yut

02
= )/(Ut - c—2x>
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Hence,

It is easy to deduce the inverse transformation

,  ux'
t=]/t+c—2

Note also that y and z are unchanged. Note that y(v) > 1, and y — oo as |[v| — c. In particular, the
Galilean transformation is recovered when y — 1. Also, as v — ¢, we have approximately

B I
V2 f1-?
c
Example. Consider a light ray travelling in the x direction. In S, x =ct,y =0,z =0. In S,
" —o) = vie—o ¢ == XY =1 "
X =y(x—vt)=y(lc—-0v)t; t = y(t 2 ) = y(l c)t

and additionally y = 0, z = 0. Combined, we find

!

x' _ yle—v)

t _v
(1-2)
Now instead, consider a light ray travelling in the y directionin S. In S, x =0,y =ct,z=0.In S,

LvX

X =y(x—vt); t'= y(t — c_2>

andy’ =y =ct,z' =z =0. Since x = 0 at all time, we have
x' =-—yut; t' =yt

The square of the speed of the light ray in S’ is given by the x component squared plus the y compon-

ent squared.
2

c
?=v+ S5 =0
14

as expected. Note that while the speed of light has remained fixed, the direction has changed.

12.3 General properties of Lorentz transformation
Note that the following always holds.
C2t/2 _ r/Z — czt/Z(x/Z + y/2 + ZIZ)

2
vX
_ czyz(t _ c_2) — (x = vt)2y? — y? — 22
2uxt  v2x?
= czyz(t2 -—+ —2) — y(x? — 2uxt + vV*t%) — y? — Z2
c c

=2 —x2—y? — 72
— 22 _ 2
This quantity is invariant under Lorentz transformations. So, considering a radial emission of light
rays, if ' = ct’, then r = ct.
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13 Space-time diagrams, simultaneity and causality

13.1 Space-time diagrams

Consider one spatial dimension x and one temporal dimension ¢ in an inertial frame S. We can plot x
on the horizontal axis and ct on the vertical axis, in order to make the units match. This combination
of space and time in one diagram is called Minkowski spacetime. Each point P in spacetime repres-
ents an event labelled by coordinates (x, ct). A moving particle traces out a curve in this diagram,
called the world line.

ct

P

The world line would be a straight line if the particle is moving at a constant velocity. In particular,
light rays have gradient 1. Since particles cannot travel faster than the speed of light, world lines are
restricted to certain regions (drawn in red) of the space time plane, given that the particle isat x =0
when t = 0.

N

ct

!

=2

We can also draw the axes of a different frame S’ on the same diagram, moving at speed v relative to
S. The t’ axis corresponds to the equation x" = 0 and therefore corresponds to x = vt, or equivalently
x= S - ct. The x' axis corresponds to ¢’ = 0, which is ¢t = % - X.

Tet ct’

The angle between the x and x’ axes matches the angle between the ct and ct’ axes; they are symmet-
ric about the diagonal (as are the original x and ct axes). Note that the diagonal is given by x = ct
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and x’ = ct’, which is the same light ray.

13.2 Comparing velocities

Consider a particle moving with constant velocity u’ in S’, where S’ is travelling at velocity v with
respect to S. The world line of the particle in S’ is simply x’ = u’t’. Correspondingly in S, x = ut.
Now, using the Lorentz transformation,

x =y +vt") =y + o)’

o, ux"\ v\,
t—yt+c—2 —)/1+C—2t

Hence,

u_x_ u +v

B

2
Note that ( " )
c—u')c—v
cTHET w

+c—2

which is always positive if u’ < c and v < c. Therefore, a Lorentz transformation preserves the
property that a speed is smaller than the speed of light.

13.3 Simultaneity

Two events B and B are simultaneous in S if they occur at the same time in S. This is a line parallel to
the space axis in the spacetime diagram. In another reference frame, this line of constant time might
be at a different angle. So events simultaneous in S’ may not correspond to events simultaneous in S.
We can use the above formulae to deduce the exact time that an event happens in a different frame
of reference.

13.4 Causality

Different observers may disagree on the time ordering of events, but we can construct a viewpoint
which gives a consistent description of ‘cause’ and ‘effect’, so special relativity does not break causality.
Note that lines of simultaneity cannot have an angle greater than g since the speed of the moving
frame must be less than c. We can construct a ‘light cone’ from all lines or surfaces from an event P
at an angle g to the time axis, which represents the possible effects of an event.
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=
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The cone above the origin is the “future light cone’ and the cone below is called the ‘past light cone’.
Note that this cone is fixed under Lorentz transformations. If an event occurs in the future light cone,
then all observers agree that this event occurs after that the event at the origin. Likewise, if an event
occurs in the past light cone, all observers agree that this event occurs before the event at the origin.
Note that if an event P is not in the light cone, then it cannot cause, or be caused by, the event at the
origin, since nothing travels faster than c. Hence, an event at the origin can only be influenced by
events inside the past light cone, and may only influence events inside the future light cone.

13.5 Time dilation

Consider first a clock which is stationary in S’, which ticks at constant intervals At’. What is the time
interval between ticks as perceived in S? We can use the Lorentz transformation, noting that x’ = 0
since the clock is stationary in S’, to get

Hence,
So moving clocks run slowly.

13.6 The twin paradox

Consider two twins A and B. Twin A stays on Earth (considered to be an inertial frame), and B travels
at a constant speed v to a distant planet P, then she turns around and returns to Earth. In the frame
of reference of A,
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ct

P
x

E is the point where B reaches P. The event E occurs at time T as perceived by A, so E has coordinates
(x,ct) = (T, cT). The time experienced by B on her outward journey is

T’=y<T—%-vT>=§

On her return to event F, twin A has aged by 2T but twin B has aged by 2T’ < 2T. However, from
twin B’s perspective, twin A has aged less than she has, since the problem is seemingly symmetric.
This would be a paradox. To rectify this, consider the frame of reference of B’s outward journey. At
E,x' =0andt = T/y. Consider an event G simultaneous to E in the frame of reference of S’. The
new line drawn in the following diagram is a line of constant ¢'.
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( ( 2 ) )/ )/2
= =1y = =

So each of them thinks that the other has aged less, when B is at E, by a factor of y~!. On the re-
turn,
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The new line is a line of constant ¢’ as measured by B on the return journey, at E. So for the return
journey, A sees B age from the event E to the event F. However, B sees A age from the event H to the
event F. So there is a time gap between G and H as observed by B, which is not considered by the
naive model of this problem. B sees A age instantaneously at the point when she changes direction.
In particular, the frame of B as she changes direction is not inertial.

13.7 Length contraction

The length of an object is dependent on the choice of frame. Consider a rod of length L' in S’, which
is stationary in S’. The world lines of the ends of the rod are vertical. The length of the rod at time ¢’
is the distance in x’ between the two world lines. In S,

X'=0= y(x—vt)=0

Further,

X =L = y(x—-vt)=L
Therefore, the distance between the two x points at the same ¢t is L = L'/y < L. So the length of
a moving object shrinks in the direction it is moving. Sometimes, analogously to ‘proper time’, we
consider the ‘proper length’ of an object, which is the length as measured in the rest frame of the
object.

For example, does a train of (proper) length 2L fit alongside a platform of length L if it is travelling
along the tracks at a speed such that y = 2? For observers on the platform, the train indeed contracts
to length L, so indeed it fits. On the other hand, for observers on the train, the platform contracts to

a length %L, so the train would not fit. To resolve the uncertainty, we will draw a spacetime diagram,

from the frame of reference S where the platform is stationary. The vertical lines represent the end
points of the platform. The world lines for the end points of the train are the diagonal lines intersect-
ing E and F. E is the event when the rear of the train is at the rear of the platform, and F is the event
where the front of the train is at the front of the platform.

ct ct’'

Let E correspond to t = 0 and ¢’ = 0. The front of the train is at x’ = 2L, and the front of the platform
is at x = L. In the S frame, events E and F occur at the same time t = 0.

X =y(x—vt) = 2L=y(L—vt)=2(L—vt) = t=0
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Further,

L—4L —3L
x=y(x'+vt') = L=yQRL+vt')=2QL+uvt') = t' = 7 =T<O

Hence, the time t' at which F occurs is before the event E. So from the perspective of the train, the
front of the train has already passed the front of the platform by the time that the back of the train
passes the back of the platform, so from this perspective the train does not fit.

14 Geometry of spacetime

14.1 Invariant interval

Consider two events P and Q with space-time coordinates (ct;, x;) and (ct,, x,), where the time co-
ordinate is given first. The time separation is At = t; — t,, and the space separation Ax = x; — X,.
These two separations are dependent on the choice of inertial frame. The invariant interval between
P and Q is defined as

As? = A2 — AX?

This is invariant under a Lorentz transformation. In three spatial dimensions, we simply replace this
Ax? with Ax? + Ay? + Az?, so

As? = A2At2 — Ax? — Ay? — AzZ?

If the separation between P and Q is very small, we can define the infinitesimal invariant interval
as
ds® = 2de* — dx* — dy® — dz°

Note that spacetime with three spatial dimensions (Minkowski spacetime) is topologically equivalent
to R4, where the distance measure is ds” as defined above. Note that this distance quantity, although
squared, can be either positive or negative. Sometimes this arrangement of one temporal and three
spatial dimensions is denoted by the abbreviation ‘1 + 3 dimensions’.

14.2 Signs of the invariant interval
As noted before, As? can have either a positive or negative sign.

« Events with As? > 0 are ‘time-like separated’. In this case, there exists a frame of reference in
which the events occur in the same spatial position, but at different times. In particular, the two
events appear in each other’s light cones. The time ordering of the two events is unambiguous.

« Events with As? < 0 are ‘space-like separated’. Here, there exists a frame of reference in which
the events occur at the same time, but in different places. The two events are outside of each
other’s light cones, and the ordering of the two events can change depending on the choice of
frame of reference.

« If As?> = 0, the events are ‘light-like separated’. The events lie exactly on each other’s light
cones, and this does not imply that the two events are the same (unlike in Euclidean space,
where a distance measure of zero implies that two points are equal).
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14.3 The Lorentz group

The coordinates of an event P in some frame S can be written as a 4-vector X.

XM

where the ct coordinate is given by 4 = 0 and the spatial dimensions are given by u = 1, 2, 3 as usual.
The invariant interval between P and the origin is written as the inner product of X with itself:

XX =X"X

or alternatively,
X-X= nWX“X”

where 7) is the Minkowski metric given by

=
I
S O O
o
|
—

Then
X -X=c*?—-x*—y*-2?2

We can classify 4-vectors as ‘space-like’, ‘time-like’ and ‘light-like’ as before, by considering the sign of
NuyX#X?. The Lorentz transformation is a linear transformation that converts the components of X
into the components of X in S’. Therefore, any Lorentz transform can be represented as a 4 X 4 matrix
A. We now define Lorentz transforms as such linear transformations that preserve the Minkowski
metric. So considering a sets of coordinates X and X’ in Sand S’, we have X’ = AX,and X' -X' = X-X.
This then implies that

ATpA =1 (%)
Two classes of possible A are
o ab oo ,_(00°
A= ; R=[d e f
0 d e f noi
0 g h i §

where RTR = I, giving that R may be a spatial rotation or a reflection. We could also have

y -yB 0 0
|-y v 00
A=l 0 10

0 0 0 1

v . . .
where 8 = —. This expresses a Lorentz transformation where the two frames are moving at a constant
C

velocity v relative to each other, as discussed before in 1 + 1 spacetime. We denote the Lorentz group
as 0(1, 3), defined by the set of A that satisfy (). Note that this includes the group generated by
the above two transformations (notably including spatial reflections), as well as time reflections. We
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define the proper Lorentz group as SO(1, 3), which is the kernel of the determinant homomorphism
on the Lorentz group. Note that this includes the composition of both temporal and spatial reflec-
tion. The subgroup that forbids any kind of reflection is called the restricted Lorentz group, denoted
SO*(1, 3), generated by compositions of rotations and boosts, as shown in the above two examples
(excluding the case when R is a reflection).

14.4 Rapidity

While a 4 x4 matrix can be useful for computation, it is sometimes more convenient to label a Lorentz
transformation using a concept of ‘rapidity’. In 1 + 1 spacetime, we write

N A e

This represents a boost in the x direction. Combining two boosts, we get

Meaigl = (1 TR (L, )

_ (7’17’2(1 +B1B2)  —nra(Br+ ﬁz))
17281 +B2) nra(L+B162)

Note the relation to the velocity transformation law. Recall that with spatial rotations, we can char-
acterise a rotation R by some parameter 6, where R(6;)R(6,) = R(6; + 6,). This is the same kind of
composition law. For Lorentz boosts, we can define ¢ such that § = tanh ¢, and then we can redefine
A to be in terms of ¢, giving this new composition law

Al¢1]Al¢,] = Al + ¢5]

Note that y = cosh¢, and yf = sinh¢. This suggests that Lorentz boosts can be thought of as
hyperbolic rotations in spacetime.

15 Relativistic physics
15.1 Proper time

A particle moves along a trajectory x(t). The velocity of this particle is 2—’: = u(t). The path in

spacetime is parametrised by ¢. Both x and ¢ vary under a Lorentz transformation. Now, consider a
particle at rest in S” with X’ = 0. The invariant interval on the world line is

As? = ?AL?

We define the proper time 7 as
At = lAs
c

In particular, in S, At = At, so the proper time is the time experienced in the rest frame of the particle.

However, the equation At = lAs holds in all frames, since As is Lorentz invariant. Note further that
c

As is real since this always represents a timelike interval, as it represents a particle travelling through
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spacetime. We can therefore instead parametrise this particle’s world line by its proper time, rather
than by considering the time in any particular frame. So x and ¢ are both functions of 7 in any given
reference frame. Further, infinitesimal changes are related by

dr = ds
c
=L al - jaxpP
c
1 2 2 1,2
= —\/c2dt” — |u|"dt
c
1
u?\2
d _
dT _Yu

N =

2
where y, = (1 - 1:—2> . Now, the total time observed by a particle moving along its world line
is d
T = f dr = f a
Yu

We can parametrise the position 4-vector of a particle using 7, written

w0-(29)

15.2 4-velocity

We define the 4-velocity as

d cdt/dr dt [c c
U= d_TX_<dx/df)_ d_r<u>_y“<u>
Since X’ = AX, we also have that
U =AU

because 7 is invariant. Note that any quantity whose components transform according to this rule is
called a 4-vector, and in particular, the derivative of a 4-vector with respect to an invariant is also a 4-
vector. Also, the scalar product U - U is invariant under Lorentz transforms. Indeed, in the rest frame
of a particle moving with 4-velocity U, in this frame we have U - U = ¢2. In other frames,

U-U=y*(*-u?) =22

as expected.

15.3 Transformation of velocities

We have found that in special relativity, we cannot simply add velocities together. Consider a trans-
formation A from S to S’, where S’ is moving (relative to S) at a speed v in the x direction. Consider
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a particle moving in S at speed u at an angle 6 to the x axis (with no component in the z axis). In S’,
it moves with speed u’ at an angle ’. We can write the 4-velocities as

YuC YwC
yuucosf | U= |7 u' cos 6’
yausiné |’ Yo' sin 6’
0 0
and further,
U =AU
where ;
Yo 4] - 0 0
A=|"T v 00
0 0 1 0
0 0 01

Carrying out the matrix multiplication, we find

v
Y€ Yo Yy 00 YuC ) ) ucosf—v
’ o' v 0 ucos = ————
Ywuw' €osO'f _1—y,= y, 0 Of|yuucos 1 —uvcos/c?
Yw i sin @’ 0 0 1 ol|7uusiné tan@ = — 4Smo
0 0 0 0o 1 0 )/u(u cos B — U)

The first equation corresponds to the normal transformation law for Lorentz transforms. The second
equation, corresponding to a change in angle due to the motion of the observer, is called aberration.
In particular, when u = ¢, we can see that light rays appear to change direction due to the relative
motion of the emitter and the observer.

15.4 Energy-momentum 4-vector

We define the 4-momentum of a particle of mass m and 4-velocity U to be

P=mU =my, (lcl)

Since U is a 4-vector, we must have that m is invariant under a Lorentz transformation. We will call
this m the ‘rest mass’ of the object, defined as the mass as measured in the rest frame of the particle.
The 4-momentum of a system of particles is defined as the sum of the 4-momenta of its individual
particles. The spatial components of P, given by u = 1,2, 3, can be referred to as the relativistic 3-
momentum, given by p = y,mu. This matches with the definition as seen in Newtonian physics,
except that the mass m is replaced by y,m. We call this quantity the ‘apparent mass’ of the particle
or system of particles, as it represents the mass of the particle as observed by a different reference
frame. Note that |p| and y,m both tend to infinity as the particle approaches the speed of light. Note
that the first component of P, P, is

2 1 2
YuMC = ———= = —|mc +§mu + ...
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We recognise the Imu? term as the kinetic energy of the particle. We interpret P° as an energy,
divided by c (to conserve units).
1
P = <;E)
p

1
=mc? + Emu2 + ...

where

E =y mc?
Note that as [u| - ¢, E — oo. Since P contains an energy term as well as a momentum term, we
also call P the energy-momentum 4-vector. Note that for a stationary particle of rest mass m, we
have

E = mc?

This implies that mass is a form of energy. The energy of a moving particle is

E =mc? + (yy, — D)mc?
|

relativistic kinetic energy
. E? 2. . .
Since P - P = — — |p| is Lorentz invariant, we have
C

P.P=m3c

Hence,

E? 2 2,2
== |p|” + m-c
In Newtonian physics, mass is conserved, and energy is also conserved. In relativistic physics, mass
is not conserved by itself, since it is a form of energy. From this derivation, it is theoretically possible
to convert between mass and kinetic energy.

15.5 Massless particles

A massless particle has zero rest mass. Such particles can have nonzero momentum and nonzero
energy, because they are travelling at the speed of light, giving y,, = 0. Since P - P = m?c?, there are
no factors of y in this expression giving

P.-P=0

So such a particle travels along a light-like trajectory. Therefore there is no Lorentz transformation
that brings a given reference frame into the rest frame of the particle, so we cannot define proper
time for such a particle. Since m2c? = 0, we must have

EZ

2
cz - |p|

= E=|plc

Then,

where 1 is a unit 3-vector in the direction of travel of the particle.
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15.6 Newton’s second law

Now that we have defined P for all particles, we can rewrite Newton’s second law in special relativity

as
P

=
where F is the 4-force. If the 3-force is F, we have

F=vy, (F 1:1/0)

F

Hence, q
dE ) p _
E_YuF'u’ E_qu
giving
dE . dp _
a =F- u; a =F

which are the familiar Newtonian expressions for rate of work and rate of change of momentum. We
can now define 4-acceleration:

F =mA
where m is the rest mass. Hence,

w_,

dr ~

15.7 Special relativity with particle physics

In Newtonian physics, when two particles collide, we must consider the conservation of 3-momentum.
In special relativity however, we must instead consider the conservation of 4-momentum:

o

It is often convenient, when dealing with systems of particles, to let the origin of our frame of refer-
ence be the centre of momentum. This is the frame such that the total 3-momentum of the system is
zero. However, this cannot be done when dealing with massless particles since there does not exist
such a rest frame.

15.8 Particle decay

Consider a particle of mass m; with 3-momentum p; which decays into two particles of mass m, and
m3 with 3-momenta p,, p;. Since 4-momentum is conserved, we get B = B + B. First, consider the
0 component (the timelike component) of P.

E, =E, +E;
Now, consider the 1, 2, 3 components (the spacelike components) of the 4-momentum. We have
P1=P>1+P3
Let us look at this in the centre of momentum frame, so p; = 0. Hence

P2 = —P3
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Because we are in the centre of momentum frame, we have E; = m;c? hence

E E E
_1 — mlc — _2 + _3
c c c
Further,
E, 2 2 E;
2 _ 2. 3 — 2 2.2
C =4/ P; + msc?; - =\/ps+mic
Hence,

myc = \/pg + mic2 + \/pg + mic2 > myc + mye

Hence the rest mass of the initial particle must be at least the sum of the rest masses of the particles
that result from the decay.

15.9 Higgs to photon decay
Consider the decay of the Higgs particle & into two photons y;, y,. By conservation of 4-momentum,

Ph:P}’l +E’2

In the Higgs rest frame,

Looking at the 1, 2, 3 components we find

Looking at the 0 component we find

mhc=i+—
C C

. E?
Since — = p* + m?c?, because the photons have zero rest mass we have
C

E. E.
Y Y
Tl = [py,| = [Py, | = Tz

Hence,

1 2
By =E, = zmhc

Note that mass has been lost, but kinetic energy has been gained.

15.10 Particle scattering

Consider two identical particles colliding, without decaying into new particles. In frame S, particle
1 is moving horizontally with 3-velocity u, and particle 2 starts at rest. After the collision, particle
1 has 3-velocity q and particle 2 has 3-velocity r, where q has angle 8 to the horizontal and r has
angle ¢ to the horizontal. In the centre of momentum frame S’, particles 1 and 2 move towards each
other horizontally with 3-momenta p, and p, = —p;. After the collision, particle 1 moves with 3-
momentum p; and particle 2 moves with 3-momentum p, = —ps. The angle of deflection is 6’. By
conservation of 4-momentum,
R+B=PR+P
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Since particles 1 and 2 have the same mass, their speeds (in S’) are equal both before and after the
collision. Let the speed before the collision be v and the speed after the collision be w.

my,c my,c my,,C my,,C

|| || | mrwtocos o1 p | ~Mrwweos o

! o |” 2 0 | 37 |myywsin® |” 47| —my,wsin®
0 0 0 0

Looking at the 0 component,
2my,c = 2myy,¢

Since m is the same on both sides,
vV=w

Now we will apply a Lorentz transformation to return to S.

v
Yv YU; 00

v
A= |0 Z 1) 00
0 0O 1 0
0 0 01

Now, since u is the initial velocity of particle 1 in S,

e+ )
mys\c+ — my,c
B = AR =| mriv+v) | = |Mut
1 0 0
0 0

After the collision, as seen in S, particle 1’s 4-momentum is

2 v? ,
myglc + - cos 6 myqc
B = AR =| my3(v+vcose) | = ["qq¢S 0
my,vsin &’ myqqsin 6
0 0

By dividing the 1 and 2 components on both sides, we deduce
my,vsin 6’ 1 1
lang = —TSnE 1 1,
mysv(1 +cos@) Vo 2
For the second particle, we can do the same calculation to get

my,vsin 6’ 1 1
_Mrebsine cot =9’

tang = = —
¢ my3v(l —cos®) Yo 2

So given the knowledge of the exact setup of the particles, we can find the angles between the particles
as viewed in a different reference frame. In particular,

1 2
tanf-tang = - = —— <1
Yu 1+,

This is a generalisation of the Newtonian result, where y,, = 1 giving
tanf-tang =1

So the angle between the trajectories in the Newtonian case is g
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15.11 Particle creation

Consider equal particles 1 and 2 of mass m moving towards each other horizontally with speed v in
S, with 4-momenta B and B,. After the collision, particles 1 and 2 have 4-momenta B, and B, and a
new particle 3 with 4-momentum B is created with mass M. Note that S is the centre of momentum
frame. By conservation of 4-momentum, we have

B+B=PR+h+R

E3 E, Es
2myc| (2 + 242
PZ+PZ:< (;/U):<c (c) C)

We have

Certainly we have
2my,c® = E5 + E4 + Es > (m+ m + M)c?* = 2m + M)c?

Hence, for the particle’s creation to be possible, we must have

>14+ 4
Yo = 2m

So the initial kinetic energy in S must satisfy
2m(y, — 1)c? > Mc?

Consider some other reference frame S’ where one particle moves with speed u and the other is at
rest. Then

M 2

Hence, in this frame, the kinetic energy mc?(y, — 1) must satisfy

2M MZ 2.2
mc2(y, — 1) > mcz(W + W) > 2Mc? + ——

2,2
This extra Ni—c term (compared to the Mc? expression in S) is produced by the transformation between
m

frames. So in a frame where one particle is at rest, we require significantly more kinetic energy. So
a particle accelerator is most efficiently utilised by accelerating two particles into each other, rather
than by accelerating one particle into a fixed target.
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