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1 Probability spaces

1.1 Probability spaces and c-algebras

Definition. Suppose Q is a set, and F is a collection of subsets of . We call # a o-algebra if
i oer
(i) ifA € #F,then A € F
(iif) for any countable collection (4,),>; With A, € ¥ for all n, we must also have that
U,A.€F

Definition. Suppose that F is a g-algebra on Q. A function P : ¥ — [0, 1] is called a prob-
ability measure if
@ PQ=1
(ii) for any countable disjoint collection of sets (A,),>; in F (A4, € F for all n), then
P (U 1 An) = D1 P (Ay) (this is called ‘countable additivity’)
We say that P (A) is ‘the probability of A. We call (Q, F, P) a probability space, where Q is
the sample space, ¥ is the o-algebra, and P is the probability measure.

Remark. When Q is countable, we take F to be all subsets of Q, i.e. F = P(Q), its power set.
Definition. The elements of Q are called outcomes, and the elements of F are called events.

Note that P is dependent on F but not on Q. We talk about probabilities of events, not probabilities
of outcomes. For example, if you pick a uniform number from the interval [0, 1]; then the probability
of getting any specific outcome is zero—but we can define useful events that have nonzero probabil-

ities.
1.2 Properties of the probability measure
« P(A°) =1—P(A), since A and A° are disjoint sets, whose union is Q
« P (@) = 0, since it is the complement of Q
. if A C B, then P(4) < P (B)
« P(AUB) =P (A) + P(B) — P(A n B) using the inclusion-exclusion theorem
Example. Consider the following examples of probability spaces and probability measures.
+ Rolling a fair 6-sided die:
- 0=1{1,23,4,5,6}
- F=20Q)
- Vo e Q,P({w}) = %, andif A C Qthen P (A4) = &6‘

« Equallylikely outcomes (more generally). Suppose Q is some finite set, e.g. Q = {w;, w,, ..., Wy}

Then we define P (A) = A In classical probability, this models picking a random element of

12
Q.



Picking balls from a bag. Suppose we have n balls with n labels from the set {1, ..., n}, indistin-
guishable by touching. Let us pick k < n balls at random from the bag, without replacement.
Here, ‘at random’ just means that all possible outcomes are equally likely, and their probability
measures should be equal.

We will take Q = {4 C {1,...,n} : |A| = k}. Then |Q| = (Z) Then of course P ({w}) = é,
since all outcomes (combinations, in this case) are equally likely.

+ Consider a well-shuffled deck of 52 cards, i.e. it is equally likely that each possible permutation
of the 52 cards will appear. Q = {all permutations of 52 cards}, and |Q| = 52!

4x3x%50!
52!

The probability that the top two cards are aces is therefore = % since there are 4 X

3 x 50! outcomes that produce such an event.

« Consider a string of n random digits from {0, ..., 9}. Then Q = {0, ...,9}", and |Q| = 10". We
define A, = {no digit exceeds k}, and B, = {largest digit is k}. Then P (By) = %. Notice that
(k+1)n—k"

Bk = Ak \Ak—l' |Ak| = (k + 1)", SO |Bk| = (k + 1)" - kn, SO P(Bk) = Ton

The birthday problem. There are n people; what is the probability that at least two of them
share a birthday? We assume that each year has exactly 365 days, i.e. nobody is born on 29" of
February, and that the probabilities of being born on any given day are equal.

Let Q = {1,...,365}", and F = P(Q). Since all outcomes are equally likely, we take P ({w}) =
Let A = {at least two people share the same birthday}. A° = {all n birthdays are different}.
A 365!

19 T (365-n)1365n

3651

Since P (A) = 1 — P (A®), it suffices to calculate P (A€), which is
365!

(365—n)!1365n

. So the an-
swerisP(A)=1-—
Note that at n = 22, P (A) ~ 0.476 and at n = 23, P (A) = 0.507. So when there are at least 23
people in a room, the probability that two of them share a birthday is around 50%.

1.3 Combinatorial analysis

Let Q be a finite set, and suppose |Q| = n. We want to partition Q into k disjoint subsets Qy, ..., Q

. k . es

with |Q;| = n; and ), ;=1 i = n. How many ways of doing such a partition are there? The result
is

n n—m n—(m+ny+ - +ng_p)\ n!

n n, y ni'n,! ... n!

At/
choose first set choose second set choose last set

So we will write

n _ n!
Ny, ..., N nylny! ... ng!

Now, let f: {1,...,k} = {1,...,n}. fisstrictlyincreasingifx <y = f(x) < f(y). f is increasing
ifx <y = f(x) £ f(y). How many strictly increasing functions f exist? Note that if we
know the range of f, the function is completely determined. The range is a subset of {1, ..., n} of
size k, i.e. a k-subset of an n-set, which yields (Z) choices, and thus there are (:) strictly increasing
functions.



How many increasing functions f exist? Let us define a bijection from the set of increasing functions
{f:{1,....k} - {1, ...,n}} to the set of strictly increasing functions {g : {1,...,k} —» {1,...,n+k—1}}.
For any increasing function f, we define g(i) = f(i) + i — 1. Then g is clearly strictly increasing,
and takes values in the range {1, ..., n + k — 1}. By extension, we can define an increasing function f
from any strictly increasing function g. So the total number of increasing functions f : {1,...,k} —
{1,...,n}is (”'”;_1).

1.4 Stirling’s formula

Let (a,) and (b,) be sequences. We will write a,, ~ b,, if ab—” — 1l asn — oo. This is asymptotic

equality.

Theorem (Stirling’s Formula). n! ~ n" v 27rne " asn — .

Let us first prove the weaker statement log(n!) ~ nlogn.

Proof. Let us define [,, = log(n!) = log2 +log3 + --- + logn. For x € R, we write | x| for the integer
part of x. Note that
log|x] < logx < log|x + 1|

Let us integrate this from 1 to n.
n—1 n n
Z logk < / logxdx < z logk
k=1 1 k=2

l,_1<nlogn—n+1<1,
For all n, therefore:
nlogn—n+1<l, <(n+1logln+1)—(n+1)+1
Dividing through by nlogn, we get
l—n ——
nlogn
asn — oo. O

The following complete proof is non-examinable.

Proof. For any twice-differentiable function f, for any a < b we have

b b
f Fx)dx = w(b —a)- % / (x — @)(b — x)f"(x) dx
Now let f(x) =logx,a =kand b = k + 1. Then

k+1 k+1
/ log x dx = logk + log(k + 1) N 1/ (x— k)(k2+ 1—x) dx
k 2 2 k X

_logk+logk+1) 1 (' x(1-x)
- 2 2 ), (x+kp2



Let us take the sum for k = 1, ..., n — 1 of the equality.

n n—-1 1
1 —DH+1 ! —
f logxdx — 1281 = DY + logn) 1 X(1-x) 4
1

2 240, xtk)?
logn a 1! x(1—x)
_ = N — = . . —_—
nlogn —n+1 = log(n!) > + kZ::lak, A =5 | Grk? dx
logn s
log(n!) =nlogn—n+ —7—+1— ) ai
2
k=1
n—-1
n! =n"e "4/n exp (1 - Z ak>
k=1

Now, note that

1
1 x(1—x) 1
<z =
) /0 e = e

So the sum of all a, converges. We set

[se]
A= exp(l— Z ak)
k=1
and then
oo
n!=n"e™" \/ZA exp 2 ay
k=n
———
converges to zero
Therefore,

n! ~n"y\nem"A

To finish the proof, we must show that A = v/27. We can utilise the fact that n! ~ n" ﬁ e A,

y-2n 2n _p-2n 2n!
n (n!)?
@2n)*" -\2n-A-e 2"
nren\nAnreny\nA
_\2
An

Using a different method, we will prove that 2‘2”(2") ~ %, which then forces A = 1/27. Consider
n n

~ 2—2n

In=/2(cose)"d6; n>0
0

So Iy = ;—r and I; = 1. By integrating by parts,




Therefore,
2n—1 2n—-1)(2n-3)...(3)1Q)

bn= =2 = 5 S o =2y L ()

Multiplying the numerator and denominator by the denominator, we have

Iy

et o _ )—2n 2n

I = T
M7 (pro2m2 2 no 2

In the same way, we can deduce that

-1

Loo—_ @n@n=2)..12) _ 1 (yanfn
T on+1)2n—-1)...3)1) ' 2n+1 ( n )

From I,, = n—_lln_z, we get that
n

asn — co. We now want to show that -2~ — 1. We see from the definition of I, that I is a decreasing
2n+1
function of n. Therefore,
IZn < IZn—l -1

IZn+1 12n+1

and also

by o bn _,

Ly~ Ly
So I

2n 1
Ly
which means that
2—2n(2") n 2

2n T
2 -2
- - —>1=><2 ”(n)> §(2n+1)—>1

(=) s

Therefore, 5
(2_2n(2n)> o2 1
n m(2n+1) 7n
Finally,
A=+
completes the proof. O

1.5 Countable subadditivity

Let (Q, ¥, P) be a probability space, and let (4,,),,>; be a (not necessarily disjoint) sequence of events

in #. Then
[FD(UAn) < Z P(An)
n=1

n=1



Proof. Let us define a new sequence B; = A; and B,, = A, \ (A; UA,U---UA,_;). So by construction,
the sequence B, is a disjoint sequence of events in . Note further that the union of all B, is equal

to the union of all A,,. So
[so] [se]
n=1 n=1

P(L_Jan>= Zlu)(Bn)

But B, C A,. So P (B,) < P(A,). Therefore,

P(UAH) <Y Py
n=1 n=1

By the countable additivity axiom,

1.6 Continuity of probability measures

Let (Q, F,P) be a probability space. Let (4,),>; be an increasing sequence in ¥, i.e. A, € ¥, and
A, CA,.;. ThenP(A4,) < P(A4,41). We want to show that

lim P(4,) =P (U An)

Proof. LetB, = A;,andforalln > 2,1etB, = A, \ (A4 UA, U - UA,_;). Then the union over B; up
to n is equal to the union over A; up to n. So

P (An) = P(UBk) =2 PB~ ) PBY) = P(UBH) = P(UAn)
k=1 k=1 k=1 n n
O

We can say that probability measures are continuous; an increasing sequence of events has a prob-
ability which tends to some limit. Similarly, if (4,,) is decreasing, then the limit probability is the
probability of the intersection of all A,,.

2 Inclusion-exclusion

2.1 Inclusion-exclusion formula
Suppose that A,B € . Then P(AUB) = P(A)+P (B)—P (A N B). Nowletalso C € #. Then
P(AUBUC)=P(AUB)+P(C)—P((AUB)NC)
=PA)+PB)+P(C)
—PANB)—-PANC)—PBNC)
+P(ANBNC)

10



LetA,,..., A, be events in . Then

P (UAi> = Z; P (A;)
i=1 1=
- Z P(Ail nAiz)

1Si1<i2£}’l

+ Y P(A,NA,NAL)
1§i1<i2<i3§n

+(=D)"*PA; N NAY)
Or more concisely,
n n
f(Ua)-Zeo= T eiynenay)
i=1 k=1 1§i1<i2<---<ik§n

Proof. The case for n = 2 has been verified, so we can use induction on n. Now, let us assume this
holds for n — 1 events.

n n—1
IP(UAi) =p (U Ai> UAn)
= n—ljl n—1
=P UAi)+P(An)—P(( Ai)nAn)
i=1 i=1

n—1 n-1
=P UAi) +PA,) - |FD(LJ(Ai nAn))

i=1 i=1

Let B; = A; N A,, for all i. By the inductive hypothesis, we have

P (iL:JlAi) =P (:gAi) +PA)-P (an>

n—

1
D (=1l D P(A, N NA;)

k=1 1<ip <+ <i<n—1
n-1

—kZ(—l)"Jrl > P(B;, N NB;)
=1

1<iy < - <ig<n—1

+P(Ap)

which gives the claim as required. O

Let (Q, F, P) be a probability space with |Q]| < co and P (A) = %. LetA,,...,A, € F. Then

n

JA U UA,| = DI (=D Y A, nnA

k=1 1<ip<-++<ix<n

i

11



2.2 Bonferroniinequalities

Truncating the sum in the inclusion-exclusion formula at the rth term yields an estimate for the
probability. The Bonferroni inequalities state that if r is odd, it is an overestimate, and if r is even, it
is an underestimate.

rodd = IP(UAi) < Z(_l)kﬂ Z |]:D(Ai1 n--- ﬁAik)
=1

i=1 k= 1<i;<--+<ig<n

n r
reven => P(UA,-)z DD S P4, N NAy,)
k=1

i=1 1<iy <--<ig<n
Proof. Again, we will use induction. The n = 2 case is trivial. Suppose that r is odd. Then
n n-1 n
[P’(UAi)=[P’(UAi)+IP(An)—P(UBi) (%)
i=1 i=1 i=1
where B; = A; N A,,. Since r is odd,

n—1 r
P <U Ai) < Yo (=DkH > P(A, N--NA;)
i=1 k=1

1<iy < - <ig<n—1

Since r — 1 is even, we can apply the inductive hypothesis to P (Ulnz_ll Bi).

n—1 r—1
P(U Bi) >SN (=D Y P(B,n-NBy)
i=1 k=1 1<ip<-++<ig<n—1

We can substitute both bounds into () to get an overestimate. O

2.3 Counting using inclusion-exclusion

We can apply the inclusion-exclusion formula to count various things. How many functions f : {1,...,n} —
{1, ..., m} are surjective? Let Q be the set of such functions, and A = {f € Q : f is a surjection}. For
alli €{1,...,m},wedefine4; ={f € Q : i ¢ {f(1), f(2), ..., f(M)}}. ThenA = A,°NA,°n---nA4,, =
(A UA, U ---UAp,) . Then
Al = 19| = |A; U - UAp [ =m" —|A; U - UA,|

Now, let us use the inclusion-exclusion formula.

n
JAJ U UAp| = D (-Dk |A;, N NA|
k=1

1<i;<--+<ig<n

12



Note that A; N --- N A;, is the set of functions where k distinct numbers are not included in the
function’s range. There are (m — k)" such functions.

JAj U UAy| = D (=D Y (m—k)"
k=1

1<ip<--+<ig<n

_ Zn:(—l)k“(’:)(m — k)"
k=1

Al = m 2(—1)"“(’,’{")(:41 — k"
k=1

4] = Z(—nk(’,ﬁ)(m — k)"

k=0

2.4 Counting derangements

A derangement is a permutation which has no fixed point, i.e. Vi, o(i) # i. We will let Q be the set of
permutations of{1, ..., n}, i.e. S,. Let A be the set of derangementsin Q. Let us pick a permutation o at
random from Q. What is the probability that it is a derangement? We define A; = {f € Q: f(i) = i},

C
then A = Afn--NAS = (U?zlAi) ,s0P(A) = 1-— IP’(U?:IAi). By the inclusion-exclusion
formula,

[P’(UAi> = Y (~Dk+ > P(A, N NA)
i=1

k=1 1<i1<iz<--+<ig<n

_ . k41 (n—k)!
_kZ::l( 1) > ql

1§i1<i2<---<ik§n

- kil(_l)k+l 3 (n ;!k)!

1§i1<i2<---<ik5n

< afn\(n =k
“ze (i)

- Nkt n! (n—=k)!
_kZ::l( o 1k!(n—k)! n!

n
1
— _1\k+1 —
=0y

So

n no 1)kt no 1)k
p=1-p(a)-1- 3 G -3 GF
i=1 k=1 : k=0 -

As n — oo, this value tends to e~! ~ 0.3678.

13



3 Independence and dependence of events

3.1 Independence of events

Definition. Let (Q, ¥, P) be a probability space. Let A,B € ¥. A and B are called independ-
ent if

P(ANB)=P(A)-P(B)

We write A L B,or A 1L B. A countable collection of events (4,) is said to be independent if
for all distinct iy, ... , iy, we have

k
P4y, N ndy) =P (4;)
j=1

J
Remark. To show that a collection of events is independent, it is insufficient to show that events are
pairwise independent. For example, consider tossing a fair coin twice, so Q = {(0,0), (0, 1), (1, 0), (1, 1)}.
P ({w}) = i. Consider the events A, B, C where

A={(0,0),(0,1); B=1{(0,0),(1,0)} C={(1,0),(0,1)}

P(A) = P(B)=P(C) = %

P(ANB) = P((0,0) =7 = P(A)-P(B)
PANC)=P ({0, D) = 7 =P(4)-P(C)
P(BNC)=P>1L0) =5 =P®B) PO

PANBNC)=P(@)=0

Claim. IfA 1 B, then A 1 B°.

Proof.
PANBY)=P(A)-PANB)
=PA)-PAA) -P(B)
=PA)A-P(B)
=P(A)P (B
as required. O

14



3.2 Conditional probability

Definition. Let (Q,F,P) be a probability space. Let B € F with P (B) > 0. We define the
conditional probability of A given B, written P (A | B), as

P(ANB)

P(A|B) = 5

Note that if A and B are independent, then

P(ANB) _P(A)-P(B)
P(B)  P(B)

P(A|B) = =P (A)

Claim. Suppose that (4,) is a disjoint sequence in F. Then
[P’(UAn |B) = P(4,|B)
n

This is the countable additivity property for conditional probability.

Proof.

p((Jan | 5) = P((UAn)NnB)

P (B)

_P(UA,nB)
B P (B)

By countable additivity, since the (4,, N B) are disjoint,

<« P@A,NB)
‘Zn: P (B)

=D P4, |B)

We can think of P (- | B) as a new probability measure for the same Q.
3.3 Law of total probability

Claim. Suppose (B,) is a disjoint collection of events in F, such that [ J B = Q, and for all n,
we have P (B,,) > 0. If A € ¥ then

P(A)=),P(A|B,)-P(B,)

15



Proof.
PA)=PANQ)
=P(an(UB)
=p([Jansy)

By countable additivity,
=Y P(ANB,)
n

=Y P(A|B,)P(B,)

O
3.4 Bayes’ formula
Claim. Suppose (B,) is a disjoint sequence of events with | J B, = Q and P (B,) > 0 for all n.
Then
P(A|B,)P(B,)
P(B,|A) =
" 2 P(A|B)P(By)
Proof.
_PB,nA)
_P@A|B)P (B
P(A)
By the law of total probability,
_ _PAIB)P(BY
2 PA|B)P(By)
O

Note that on the right hand side, the numerator appears somewhere in the denominator. This
formula is the basis of Bayesian statistics. It allows us to reverse the direction of a conditional
probability—knowing the probabilities of the events (B,), and given a model of P (A | B,), we can
calculate the posterior probabilities of B,, given that A occurs.

3.5 Bayes’ formula for medical tests

Consider the probability of getting a false positive on a test for a rare condition. Suppose 0.1% of the
population have condition A, and we have a test which is positive for 98% of the affected population,
and 1% of those unaffected by the disease. Picking an individual at random, what is the probability
that they suffer from A, given that they have a positive test?

16



We define A to be the set of individuals suffering from the condition, and P is the set of individuals
testing positive. Then by Bayes’ formula,

P(P|A)P(A) B 0.98 - 0.001

PPIA)P(A)+ P(P| AP (A  0.98-0.001+0.01-0.999 ~ 00 =%

P(A|P) =

Why is this so low? We can rewrite this instance of Bayes’ formula as

1
P(PJAC)P(AC)
P(PIA)P(A)

P(A|P) =

Here, P(A°) ~ 1,P(P | A) ~ 1. So

1
P(P|A€)
P(A)

PA|P)~

So this is low because P (P | A°) > P (A). Suppose that there is a population of 1000 people and
about 1 suffers from the disease. Among the 999 not suffering from A, about 10 will test positive. So
there will be about 11 people who test positive, and only 1 out of 11 (9%) of those actually has the
disease.

3.6 Probability changes under extra knowledge
Consider these three statements:

(a) T have two children, (at least) one of whom is a boy.

(b) Thave two children, and the eldest one is a boy.

(c) T have two children, one of whom is a boy born on a Thursday.

What is the probability that I have two boys, given a, b or ¢? Since no further information is given,
we will assume that all outcomes are equally likely. We define:

» BG is the event that the elder sibling is a boy, and the younger is a girl;
« GBis the event that the elder sibling is a girl, and the younger is a boy;
» BBis the event that both children are boys; and
+ GG is the event that both children are girls.

Now, we have

(a) P (BB | BBUBGUGB) = -
(b) P(BB | BBUBG) = %

(c) Let us define GT to be the event that the elder sibling is a girl, and the younger is a boy born
on a Thursday, and define TN to be the event that the elder sibling is a boy born on a Thursday

17



and the younger is a boy not born on a Thursday, and other events are defined similarly. So

P(TTUTNUNT)
P(GTUTGUTTUTNUNT)

P(TTUTNUNT |GTUTGUTTUTNUNT) =

ZlZl49.-222
_ 2727 2727
T11 1111+ 1116
227 2727 2727
13
= — ~ 48%
27

3.7 Simpson’s paradox

Consider admissions by men and women from state and independent schools to a university given
by the tables

All applicants Admitted Rejected % Admitted

State 25 25 50%
Independent 28 22 56%

Menonly  Admitted Rejected % Admitted

State 15 22 41%
Independent 5 8 38%

Women only Admitted Rejected % Admitted

State 10 3 77%
Independent 23 14 62%

This is seemingly a paradox; both women and men are more likely to be admitted if they come from
a state school, but when looking at all applicants, they are more likely to be admitted if they come
from an independent school. This is called Simpson’s paradox; it arises when we aggregate data
from disparate populations. Let A be the event that an individual is admitted, B be the event that

an individual is a man, and C be the event that an individual comes from a state school. We see
that

PA|BNC)>PA|BNCY
PA|B°NC)>PA|B°NCY
PA|C)<PMA]|CY
First, note that

PA|C)=PANB|C)+PANB°|C)
_ P(ANBNC) PANB‘NC)

P(C) P(C)
_PAIBNnC)PBNC) PA|BNC)PBNC)
B P(C) P(C)

P(A|BNC)PB|C)+P(A|B NC)P(B°|C)
>P(A|BNC)PB|C)+P(A| B NCE)P(B|C)
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Let us also assume that P (B | C) = P (B | C°). Then
PA|C)>PA|BNCHY)PB|C)+PA| B NC)P(B| C)
=P(A|CY

So we needed to further assume that P (B | C) = P (B | C°) in order for the ‘intuitive’ result to hold.
The assumption was not valid in the example, so the result did not hold.

4 Discrete distributions

4.1 Discrete distributions

In a discrete probability distribution on a probability space (Q, F, P), Q is either finite or countable,
ie. Q = {w;,w,, ...}, and as stated before, F is the power set of Q. If we know P ({w;}), then this
completely determines P. Indeed, let A C Q, then

P(A>=P( U {wi})= Y Pdwd
i: wj€A i: wj€A

by countable additivity. We will see later that this is not true if Q is uncountable. We write p; =
P ({w;}), and we then call this a discrete probability distribution. It has the following key proper-
ties:

*pi20
* Zipizl

4.2 Bernoulli distribution

We model the outcome of a test with two outcomes (e.g. the toss of a coin) with the Bernoulli distri-
bution. Let Q = {0, 1}. We will denote p = p,, then clearly py = 1 — p.

4.3 Binomial distribution

The binomial distribution B has parameters N € Zt, p € [0, 1]. This distribution models a sequence
of N independent Bernoulli distributions of parameter p. We then count the amount of ‘successes’,
i.e. trials in which the result was 1. Q ={0,1, ..., N}.

P({k}) = px = (IZ)p"(l — pN*k

4.4 Multinomial distribution

The multinomial distribution is a generalisation of the binomial distribution. M has parameters

N € Z* and py, p,, -+ € [0,1] where Zle p; = 1. This models a sequence of N independent

trials in which a number from 1 to N is selected, where the probability of selecting i is p;. Q =

{(nl, s Ng) € Nk Zle ni=N } in other words, ordered partitions of N. Therefore

P (n, outcomes had value 1, ..., n; outcomes had value k) = P ((ny, ..., ny))

— N ny ny
- (nl, ...,nk)p1 = Pl
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4.5 Geometric distribution

Consider a Bernoulli distribution of parameter p. The geometric distribution models running this
trial many times independently until the first ‘success’ (i.e. the first result of value 1). Then Q =
{1,2,...} = Z*. Then

pe=0-p'p
We can compute the infinite geometric series ), py which gives 1. We could alternatively model the

distribution using Q' = {0, 1, ...} = N which records the amount of failures before the first success.
Then

P =1 —p)p

Again, the sum converges to 1.

4.6 Poisson distribution

This is used to model the number of occurrences of an event in a given interval of time. Q =
{0,1,2,...} = N. This distribution has one parameter 1 € R. We have

/1k
Pk = e_iH

Then

Zpk=e"12 F=e"1-e’l=1
k=0 k=0

Suppose customers arrive into a shop during the time interval [0,1]. We will subdivide [0, 1] into
N intervals [i, #] In each interval, a single customer arrives with probability p, independent of

other time intervals. In this example,

P (k customers arrive) = (JZ) pk( — p)Nk

Let p = 2 for 2 > 0. We will show that as N — 00, this binomial distribution converges to the
Poisson distribution.

| k N-k
k k(N —-k)!'\n n
_ﬂ_k.L.@_i)N"‘
~ kI NN — k) N
Ak —ﬂ.
- F -1- e

which matches the Poisson distribution.

5 Discrete random variables

5.1 Random variables
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Definition. Consider the probability space (Q,F,P). A random variable X is a function
X : Q — R satisfying
fweQ: X(w)<x}eF

for any given x.

Suppose A C R. Then typically we write
(XeAl={w: X(w) € A}
as shorthand. Given A € F, we define the indicator of A to be

1 ifwoeA

1 =l(lweA)=
a@) =1 ) {0 otherwise

Because A € ¥, 1, is a random variable. Suppose X is a random variable. We define the probability
distribution function of X to be

Definition. (Xj,...,X,,) is called a random variable in R" if (Xi, ..., X,,) : Q - R", and for

all x, ..., x,, € R we have

Xi <xp, 0. X < xp)={w: Xj(w) < xq, .0, Xp(w) < x,} €F

This definition is equivalent to saying that Xj, ..., X, are all random variables in R. Indeed,

{Xl < Xpy s Xy < xn} = {Xl < xl}ﬁ n{Xn < xn}

which, since F is a o-algebra, is an element of F.

Definition. A random variable X is called discrete if it takes values in a countable set. Sup-
pose X takes values in the countable set S. For every x € S, we write

Px=PX=x)=P({o: X(w)=x}

We call (py )xes the probability mass function of X, or the distribution of X. If (p,) is Bernoulli
for example, then we say that X is a Bernoulli (or such) random variable, or that X has the
Bernoulli distribution.

Definition. Suppose Xj, ..., X, are discrete random variables taking variables in Sy, ..., S,.
We say that the random variables X, ..., X, are independent if

PX;=xp,....X,=x,)=PX;=x)PX,=x,) VX €S,....x, €S,

As an example, suppose we toss a p-biased coin n times independently. Let Q = {0,1}". For every
w € Q,

n
Po = H p®<(1 — p)I=®k;  where we write w = (@, ..., ®,)
k=1
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We define a set of discrete random variables X, (w) = wy. Then X gives the output of the kth toss.
We have
PXe=D)=Pwg=1D)=p; PX=0)=P(wx=0)=1-p

So X} has the Bernoulli distribution with parameter p. We can also show that the X; are independent.
Let xy, ..., %, € {0,1}. Then
PX; =X, X, =Xp) = P(w= (X500, X))
= P(xq,....xn)

N
=[] p™—p)'—
k=1

N
=1 P& =x0
k=1

as required. Now, we define S, (w) = X;(@) + --- + X,,(w). This is the number of heads in N tosses.
SoS,: Q—{0,...,N},and

P(Sp = k) = (Z)pk<1 - pk

So S,, has the binomial distribution with parameters n and p.

5.2 [Expectation

Let (Q, F,P) be a probability space such that Q is countable. Let X : Q — R be a random variable,
which is necessarily discrete. We say that X is non-negative if X > 0. We define the expectation of X
to be

E[X] =) X(@)- P ({w})

We will write
Qx ={X(w): we Q}

So
o= Jix=x

xeQyx

So we have partitioned Q using X. Note that
D X(@)P ({w})
w

D>, D X(@)P({w))

x€Qx we{X=x}

> D xP{w)

x€Qx we{X=x}

> xP({X =x})

X€Qx

E[X]

which matches the more familiar definition of the expectation; the average of the values taken by X,
weighted by the probability of the event occurring. So

E[X]= D) xpx

X€Qx
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5.3 Expectation of binomial distribution
Let X ~ Bin(N, p). Then

Vk=0,..,N, PX=k)= <]Ij)pk(1 _ p)N—k

So using the second definition,

N
= Zk[P’(sz)

Z () K1 - pN-k

_Zk' (N k)'pk(l_ )N k

N
(N—-1D!N-p _
— Z (k_ 1)' (N k)]pk 1(1 _ p)N k

N

=Np ), (N,; 1)1)"(1 —pNk

=Np(p+1-pN!
=Np

5.4 Expectation of Poisson distribution
Let X ~ Poi(4), so

/1k
— ) — p—A
Hence
_ -4
E[X]= k;)ke T
3 i e—/l lk_ll
= (k—-1)
=et.et. )
=A

5.5 Expectation of a general random variable

Let X be a general (not necessarily non-negative) discrete random variable. Then we define

Xt =max(X,0); X~ = max(—X,0)
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Then X = X* — X~. Note that X* and X~ are non-negative random variables, which has a well-
defined expectation. So if at least one of E [X ], E [X ] is finite, we define

E[X]=E[X*] - E[X"]

If both are infinite, then we say that the expectation of X is not defined. Whenever we write E [X], it
is assumed to be well-defined. If E [|X]|] < oo, we say that X is integrable. When E [X] is well-defined,
we have again that

EX]= ) x-PX=x)

xX€Qy

5.6 Properties of the expectation
The following properties follow immediately from the definition.
(i) IfX > 0,then E[X] > 0.
(i) fX >0and E[X]=0,thenP(X =0) =1.
(iii) Ifc € R, then E[cX] = cE[X],and E [c + X]| = c + E[X].
(iv) If X, Y are two integrable random variables, then E[X + Y] = E[X] + E[Y].

(v) More generally, letcy,...,c, € Rand Xj, ..., X, integrable random variables. Then
E [Cle + -+ Can] = Cl[E [Xl] + -+ Cn[E [Xn]

So the expectation is a linear operator over finitely many inputs.

5.7 Countable additivity for the expectation

Suppose Xi, X,, ... are non-negative random variables. Then
E [an] =D E[X,]
n n

The non-negativity constraint allows us to guarantee that the sums are well-defined; they could be
infinite, but at least their values are well-defined. We will construct a proof assuming that Q is count-
able, however the result holds regardless of the choice of Q.

Proof.

42&}22&@%@
=3 Xp(@)P ({w})
= > E[X,]

We are allowed to rearrange the sums since all relevant terms are non-negative.
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5.8 Expectation of indicator function

If X = 1(A) where A € F, then E[X] = P(A). This is obvious from the second definition of the
expectation.

5.9 Expectation under function application

Ifg: R — R, we can define g(X) to be the random variable given by
8(X)(w) = g(X(w))

Then
EgX)]= D) gx)-PX=x)

XEQx

Proof. LetY = g(X). Then

E[Y]= ), y-P(Y =y)
YEQyY

Note that
{Y =y} ={w: Y(w) =y}
={w: gX(@) =y}
={w: X(w) € g '(yh}
={Xeg (W
where g~!({y}) is the set of all x such that g(x) € {y}. So
E[Y]= D, y-P(Xeg (D)

YEQ,,

z y- Z PX=1x)

yeQy  xeg-1({y})

=2 2 8sMPX=x

y€Qy xeg1({y})

= > gP(X=x)

xX€Qx

5.10 Calculating expectation with cumulative probabilities

If X > 0 and takes integer values, then

E[X]:iP(XZk): iP(X>k)
k=1 k=0

Proof. Since X takes non-negative integer values,

()

X = iuxzk): DX > k)
k=1 k=0

This represents the fact that any integer is the sum of that many ones,e.g. 4 =1+1+1+1+0+0+...
to infinity. Taking the expectation of the above formula, using that E[1(4)] = P (A) and countable
additivity, we have the result as claimed. O
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5.11 Inclusion-exclusion formula with indicators

We can provide another proof of the inclusion-exclusion formula, using some basic properties of
indicator functions.

¢ 1A% =1-1(4)
« 1(ANB)=1(A)-1(B)
+ Following from the above, 1(AUB) =1 — (1 — 1(A))(1 — 1(B)).

More generally,
n
1A U UA,) =1- ][] -14))
i=1

which gives the inclusion-exclusion formula. Taking the expectation of both sides, we can see that
n
P(A1 U UA) =3 P(A) = D) P(A; NA,) + -+ (“D™P A N NAy)
i=1 i1 <ip

which is the result as previously found.

6 Variance and covariance

6.1 Variance

Let X be a random variable, and r € N. If it is well-defined, we call E [X"] the rth moment of X. We
define the variance of X by
Var (X) = E[(X — E[X])?]

If the variance is small, X is highly concentrated around E [X]. If the variance is large, X has a wide
distribution including values not necessarily near E [X]. We call 4/ Var (X) the standard deviation of
X, denoted with 0. The variance has the following basic properties:

« Var(X) > 0,and if Var(X) = 0, P (X = E[X]) = 1.
« Ifc € R, then Var (cX) = ¢? Var (X), and Var (X + ¢) = Var (X).
« Var(X) = E[X?]-E [X]?. This follows since

E[(X — E[X])?] = E[X? - 2XE [X] + E [X]’]
= E[X2] - 2E [X] E[X] + E [X]’
= E[x?] - E[x]?
« Var(X) = min.cg E[(X — ¢)?], and this minimum is achieved at ¢ = E [X]. Indeed, if we let

f(©) = E[(X = ¢)?], then f(c) = E[X?]—2cE [X]+c?* Minimising f, we get f(E [X]) = Var (X)
as required.

As an example, consider X ~ Bin(n, p). Then E [X] = np, as we found before. Note that we can also
represent this binomial distribution as the sum of n Bernoulli distributions of parameter p to get the
same result. The variance of X is

Var (X) = E[X?] - E[x]*
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In fact, in order to compute E [X?] it is easier to find E [X(X — 1)].

E[X(X - 1)] = Zk-(k—D-(Z)-pk-(l—p)"—k
k=2

n

_ 3 k= Dn!p*( — p)*~*
k=2

(n—k)k!

-y mpopr
C & (n=2) = (k= 2)!(k - 2)!

=n(n—1)p? kZZ]Z (Z _ 5)1)"‘2(1 -p*
=n(n —1)p?
Hence,
Var (X) = E[X(X — )] + E[X] - E[X]* = n(n — 1)p* + np — (np)* = np(1 - p)

As a second example, if X ~ Poi(1), we have E [X] = 1. Because of the factorial term, it is easier to
use X(X — 1) than X2.

DY
!

E[X(X —1)] = i K(k = 1)e 7
k=2 :

o]

P
| k=2 2
=¢ ,{Z::z(k—z)! A

=2
Hence,
Var (X) =P +1-1=2

6.2 Covariance

Definition. Let X and Y be random variables. Their covariance is defined
Cov(X,Y) = E[(X —E[X](Y —E[Y])]

It is a measure of how dependent X and Y are.

Immediately we can deduce the following properties.
« Cov(X,Y)=Cov(Y,X)
e Cov(X,X) = Var(X)

« Cov(X,Y) = E[XY]—E[X]-E[Y]. Indeed, (X —E[X])(Y —E[Y]) = XY — XE[Y] - YE [X] +
E [X]E[Y] and the result follows.

« Letc € R. Then Cov(cX,Y) =cCov(X,Y),and Cov(c+ X,Y) = Cov(X,Y).
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e« Var(X +Y) = Var(X) + Var(Y) + 2Cov (X, Y). Indeed, we have
Var (X +Y) = E[(X — E[X] + Y — E[Y])?] which gives
E[(X —E[X]D?]+E[(Y — E[Y]D?] + 2E[(X — E[X])(Y — E[Y])] as required.
« Forallc e R, Cov(c,X) =0
« IfX,Y, Z are random variables, then Cov (X + Y, Z) = Cov (X, Z)+ Cov (Y, Z). More generally,

forcy,...,cy, dy, ..., dy, real numbers, and for Xj, ..., X,,, Y}, ..., Y, random variables, we have
n m
Cov| D ciX;, ), d;Y; Zch Cov(X;,Y ;)
i=1 j=1 i=1j=

In particular, if we apply this to X; = Y;, and ¢; = d; = 1, then we have

Var(ZX) ZVar(X) +ZCOV (Xi.X;)

= i#]

6.3 Expectation of functions of a random variable
Recall that X and Y are independent if for all x and y,
PX=x,Y=y)=PX=x)-P(Y=Y)

We would like to prove that given positive functions f,g: R — R,, if X and Y are independent we
have

E[f(XDeg()] = E[f(X)] - E[g(V)]

Proof.
E[fCOgY)] = D) fgP(X =x,Y =y)
(xy)
= fEMPX =x)P(Y =y)
(x.y)

=D fOPX =x)- Y g0P(Y =y)
bY y
=E[f(X)]-E[g(Y)]

The same result holds for general functions, provided the required expectations exist.

6.4 Covariance of independent variables

Suppose X and Y are independent. Then

Cov(X,Y)=0
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This is because

Cov(X,Y) =E[(X - E[X](Y —E[Y])]
—E[X—E[X]]-E[Y - E[Y]]
=0-0
=0

In particular, we can deduce that
Var(X +Y) = Var (X) + Var (Y)

Note, however, that the covariance being equal to zero does not imply independence. For instance,
let X;,X,, X; be independent Bernoulli random variables with parameter % Let us now define Y| =
ZXI - 1, Y2 = 2X2 - 1, and Zl = X3Y1, Zz = X3Yv2 NOW, we haVe

EV]=E[Y%]=E[Z]=E[Z,]=0
We can find that
Cov(Z,,Z,) =E[Z,-Z,] = E[X3V) Y| = E[X3]-0-0=0
However, Z; and Z, are in fact not independent. Since Y;, Y, are never zero,
P(Z,=0,2,=0)=P(X; = 0) = %
But also
P (2, =0)=uﬂ>(zz=0)=uﬂ>(x3=0):% — P(Z,=0)-P(Z,=0)=0

So the events are not independent.

7 Inequalities for random variables

7.1 Markov’s inequality

The following useful inequality, and the others derived from it, hold in the discrete and the continu-
ous case.

Theorem. Let X > 0 be a non-negative random variable. Then for all a > 0,

E [X]
PX>a)< a0

Proof. Observe that X > a - 1(X > a). This can be seen to be true simply by checking both cases,
X < aand X > a. Taking expectations, we get

E[X]>E[a-1X>a)]=E[a-PX >a)]=a-P(X >a)

and the result follows. O

7.2 Chebyshev’s inequality
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Theorem. Let X be a random variable with finite expectation. Then for all a > 0,

Var (X)
P

PAX-E[X]| 2 a) <

Proof. NotethatP(|JX —E[X]|>a)=P (lX —E[X ]|2 > az). Then we can apply Markov’s inequality
to this non-negative random variable to get

[X-E[X])?]  var(X)
a2 )

P (X~ E[X]P > ?) < -

7.3 Cauchy-Schwarz inequality

Theorem. If X and Y are random variables, then

[E[XY]| < VE[X?]-E[Y?]

Proof. 1t suffices to prove this statement for X and Y which have finite second moments, i.e. E [X 2]
and E [XZ] are finite. Clearly if they are infinite, then the upper bound is infinite which is trivially
true. We need to show that |E [XY]| is finite. Here we can apply the additional assumption that X
and Y are non-negative, since we are taking the absolute value:

XY < %(XZ +Y?) = E[XY]< %([E [X?] +E[Y?])

Now, we can assume E [X?] > 0 and E[Y?] > 0. If this were not the case, the result is trivial since if
at least one of them were equal to zero, the corresponding random variable would be identically zero.
Lett € R and consider

0< (X —1tY)? =X2 - 2tXY + 12Y?

Hence
E[X?] - 2E[XY] + 2E[Y?] >0

We can view this left hand side as a function f(t). The minimum value of this function is achieved

_ E[XY]
att, = —E[YZ] . Then
2E[XY]  E[XY]
> 2] - >
f(t) >0 = E[X? e T el 20
Hence,
E[xY]’ < E[X?]-E[Y?]

and the result follows. 0

Note that we also have

E[IXY|] < VE[X?] - E[Y?]
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This is because we can redefine X — |X|and Y ~ |Y], giving

[ELIX]- Y]]l < VE[X?] - E[Y?]
E[IXY]] < VE[X?]- E[Y?]

7.4 Equality in Cauchy-Schwarz

In what cases do we get equality in the Cauchy-Schwarz inequality? Recall that the inequality

states
|E[XY]| < VE[X?]- E[Y?]

Recall that in the proof, we considered the random variable (X — tY)? where X and Y were non-

negative, and had finite second moments. The expectation of this random variable was called f(¢),
E[XY]

E[Y2]
this value of t. But (X —tY)?isa non-negative random variable, with expectation zero, so it must be
zero with probability 1. So we have equality if and only if X is exactly tY.

and we found that f(¢t) was minimised when ¢t =

. We have equality exactly when f(t) = 0 for

7.5 Jensen’s inequality

Definition. A function f: R — R is called convex if Vx,y € R and for all ¢ € [0, 1],

flx+Q -0y <tf(x)+A-0fy)

This can be visualised as linearly interpolating the values of the function at two points, x and
y. The linear interpolation of those points is always greater than the function applied to the
linear interpolation of the input points.

Theorem. Let X be a random variable, and let f be a convex function. Then
E[fCO] = f(E[XD

We can remember the direction of this inequality by considering the variance: Var (X) = E [(X — E [X])?]
which is non-negative. Further, Var(X) = E[X?| - E [X]’ hence E [X?] > E [X]*. Squaring is an
example of a convex function, so Jensen’s inequality holds in this case. We will first prove a basic
lemma about convex functions.

Lemma. Let f: R — R be a convex function. Then f is the supremum of all the lines lying
below it. More formally, Vim € R, 3a, b € R such that f(m) = am + b and f(x) > ax + b for
all x.

Proof. Letm € R. Let x < m < y. Then we can express m as tx + (1 — t)y for some ¢ in the interval
[0, 1]. By convexity,
Jm) <tf(x)+ A -0f ()
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And hence,

tfim) + (A = 6)f(m) <tf(x)+ A -0f»)
((f(m) — f(x)) <A = O(f(y) - f(m))
fm) — fx)  fO) = fim)

m-—x y—m

So the slope of the line joining m to a point on its left is smaller than the slope of the line joining m
to a point on its right. So we can produce a value a € R given by

fm) - &)

a = sup — —

x<m

such that

fom =) _ f0) = f(m)

m-—x y—m
for all x < m < y. We can rearrange this to give
f) z alx —m) + f(m) = ax + (f(m) — am)

for all x. O
We may now prove Jensen’s inequality.

Proof. Set m = E [X]. Then from the lemma above, there exists a, b € R such that
fm)=am+b = f(E[X]) =aE[X]+D (%)

and for all x, we have
f(x)>ax+b

We can now apply this inequality to X to get
fX)>aX+b
Taking the expectation, by () we get
E[f(X)] > aE[X]+ b = f(E[X])

as required. O

Like the Cauchy-Schwarz inequality, we would like to consider the cases of equality. Let X be a
random variable, and f be a convex function such that if m = E [X], then Ja, b € R such that

fm)=am+b; Vx#m, f(x)>ax+b

We know that f(X) > aX + b, since f is convex. Then f(X) — (aX + b) > 0 is a non-negative random
variable. Taking expectations,
E[fX)—(aX+b)] >0

But E[aX+b] = am+ b = f(m) = f(E[X]). We assumed that E[f(X)] = f(E[X]), hence
E[aX +b] = E[f(X)] and E[f(X) — (aX + b)] = 0. But since f(X) > aX + b, this forces f(X) =
aX + b everywhere. By our assumption, for all x # m, f(x) > ax + b. This forces X = m with
probability 1.
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7.6 Arithmetic mean and geometric mean inequality

Let f be a convex function. Suppose xi, ..., X, € R. Then, from Jensen’s inequality,
1« 1«
D)= f =D X
=1 =]

Indeed, we can define a random variable X to take values x, ..., x,, all with equal probability. Then,
E [f(X)] gives the left hand side, and f(E [X]) gives the right hand side. Now, let f(x) = —log x. This
is a convex function as required. Hence

1 — 1 —
—= log x;. > —log(— xk)
1

n n 1 n

Hence the geometric mean is less than or equal to the arithmetic mean.

8 Combinations of random variables

8.1 Conditional expectation and law of total expectation
Recall that if B € & with P (B) > 0, we defined

P(ANB)

PAIB) =55

Now, let X be a random variable, and let B be an event as above with nonzero probability. We can

then define
E[X - 1(B)]

P(B)
The numerator is notably zero when 1(B) = 0, so in essence we are excluding the case where X is not
B.

E[X |B] =

Theorem (law of total expectation). Suppose X > 0. Let (©,,) be a partition of Q into disjoint
events, so Q = Un Q,,. Then

E[X]= D E[X | Q,] P(Q,)

Proof. We can write X = X - 1(Q), where

Q) =D, 1(Q,)

n

Taking expectations, we get

E[X]=E [ZX 1(9,,)]
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By countable additivity of expectation, we have

E[X] =) E[X-1(Qy)] =) E[X | Q,]-P(Qp)
as required. O

8.2 Joint distribution

Definition. Let X, ..., X, be discrete random variables. Their joint distribution is defined
as
[FD(XI = xl, cen ,Xn = xn)

for all x; € Q;.

Now, we have

i=2 x; X2,5..05Xp

PX=x)=P (‘{Xl =x1}n U U{Xi = xi}) = > P& =x,X =%, X, = xp)

In general,
P(Xl =xi)= Z P(Xl =X1,X2 =x2,...,Xn =xn)

X15X250 003 Xj15Xjg1000s Xn

We call (P (X; = x;)); the marginal distribution of X;. Let X, Y be random variables. The conditional
distribution of X given Y = y where y € Q,, is defined to be

PX=x,Y=yY)

PX=x|Y=y)=—pr—

We can find

PX=x)=)PX=xY=p)=)PX=x|Y=y)P(Y =y)
y y
which is the law of total probability.

8.3 Convolution

Let X and Y be independent, discrete random variables. We would like to find P (X + Y = z). Clearly
this is

PX+Y=2)=) P(X+Y=2zY=y)
Yy

=Y PX=z-y,Y=y)
y

=2 PX=z-y) P =y
y

34



This last sum is called the convolution of the distributions of X and Y. Similarly,

PX+Y=2=)PX=x)-P(Y =z—-X)
X
As an example, let X ~ Poi(4) and Y ~ Poi(u) be independent. Then

PX+Y=n) IZ X=rnPX¥=n-r)

n rooun
=2 ”m—m

r=0

— o—(A+w)
—¢ Z r'(n - r)'

e+ =" . pl

nt = ri(n —r)!
-A+p)

e n _
— — Z (r)/lrun r
r=0

e—(A+w)
= A+ p"

which is the probability mass function of a Poisson random variable with parameter A1 + u. In other
words, X + Y ~ Poi(4 + u).
8.4 Conditional expectation

Let X and Y be discrete random variables. Then the conditional expectation of X given that Y = y
is

E[X-1(Y =y)]
P(Y=y)

ZWZX I]:D(X—XY y)

Dx-PX=x|Y=y)

E[X|Y=y]=

Observe that for every y € Q,, this expectation is purely a function of y. Let g(y) = E[X | Y = y].
Now, we define the conditional expectation of X given YasE[X | Y] = g(Y). Note that E[X | Y]isa
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random variable, dependent only on Y. We have
EX|Y]=g(})-1
=g YUY =)
y

= g(¥)-1(Y =y)
y

=Yg 1Y =y)
y

=D EX|Y=y]- 1Y =y)
y

This is perhaps a clearer way to see that it depends only on Y. As an example, let us consider tossing
a p-biased coin n times independently. We write X; for the indicator function that the ith toss was a
head. LetY, = Xj+---+X,,. WhatisE[X; | V;,]? Letg(y) = E[X; | ¥, = y]. ThenE[X; | Y;,] = g(Y,).
We therefore need to find g. Let y € {0, ..., n}, then

g =E[X;|Y,=yY]
=PX;=1|Y,=y)

Clearlyify = 0, then P (X; = 1| Y;, = 0) = 0. Now, suppose y # 0. We have

P(X,=1Y,=y)
P(Yn =y)
PX;=LX ++X,=y—1)
P(Yn =J’)
PX; =1 PG+ +X,=y—1)
P(Yn =y)
e ()t pY
B P(Yn =y)
()P —py>
B Cpr = pyy

G

y

0

PXi=11Y,=y)=

S i<

Hence y
gy) = n

We can then find that

EX, | %] = g(%) = 2

which is indeed a random variable dependent only on Y,.
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8.5 Properties of conditional expectation

The following properties hold.
e« Forallce R, E[cX |Y]=cE[X|Y],andE[c]|Y]=c.
« LetXj, ..., X, be random variables. Then E [Zin:lXi | Y] = Zinzl E[X; | Y]
« E[E[X|Y]]=E[X].

The last property is not obvious from the definition, so it warrants its own proof. We can see by the
standard properties of the expectation that

E[X|Y]=) 1Y =y)E[X|Y =y]
y

CEEX Y]l = 2 E[(Y = »]E[X | Y =]
y

=Y P(Y=y)E[X|Y=y]
y

- _ 2 EX-UY =y
LR TRy

=Y E[X-1Y =y)]
y

=[E[ZX-1(Y=y)
y

=E

XY Y =y)
y

= E[X]

Alternatively, we could expand the inner expectation as a sum:

DEX|Y=y]-PY=p)=)>xPX=x|Y=y)-P(Y=))
y X y

and the result follows as required. The final property relates conditional probability to independence.
Let X and Y be independent. Then E [X | Y] = E [X]. Indeed,

E[X|Y]=)1(Y =pE[X|Y =]
y

=Y (Y = yE[X]
y

= E[X]
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Proposition. Suppose Y and Z are independent random variables. Then
E[E[X|Y]|Z] =E[X]
Proof. Let E[X | Y] = g(Y) be a random variable that is a function only of Y. Since Y and Z are
independent, f(Y) is also independent of Z for any function f. Then E[g(Y)|Z] = E[g(Y)] =
E[X]. =
Proposition. Suppose h: R — R is a function. Then
E[n(Y)-X|Y]=h(Y)-E[X|Y]

We can ‘take out what is known’, since we know what Y is.

Proof. Note that
E[A(Y)-X|Y =y]l=E[h(y)-X|Y =y]l=h(y)-E[X|Y =y]

Then
E[A(Y)-X|Y]=h(y)-E[X|Y]

as required. O
Corollary. E[E[X | Y] |Y]=E[X|Y],andE[X | X] =X.

Let X; = 1(ith toss is a head), and Y;, = X; + --- + X,,. We found before that E[X; | Y,,] = % By
symmetry, for all i we have E [X; | Y, ] = E[X; | ¥;,]- Hence

n n
DX | Y| =D EX | Y] =n-E[X; | Y]
i=1

i=1

[E[Yn | Yn]z[E

which yields the same result.

9 Random walks

9.1 Definition

A random process, also known as a stochastic process, is a sequence of random variables X, forn € N.
A random walk is a random process that can be expressed as

Xy =X+ Y+ +Y,

where the Y'; are independent and identically distributed, and x is a deterministic number. We will
focus on the simple random walk on Z, which is defined by taking

P(Y;=1)=p P(Y;=-1)=1-p=q

This can be thought of as a specific case of a Markov chain; it has the property that the path to X;
does not matter, all that matters is the value that we are at, at any point in time.
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9.2 Gambler’s ruin estimate

What is the probability that X,, reaches some value a before it falls to 0?2 We will write P, for the
probability measure P with the condition that X, = x, i.e.

Pr(4) = P(A| X, = X)

We define h(x) = P, ((X,,) hits a before hitting 0). We can define a recurrence relation. By the law
of total probability, we have, for 0 < x < a,

h(x) = P, ((X,,) hits a before hitting0 | ¥; =1) - P, (Y; = 1)
+ P, ((X,) hits a before hitting 0 | Y; = —=1) - P, (Y; = —1)
=p-h(x+1)+q-h(x-1)
Note that
h(0) =0; h(a)=1
There are two cases; p = q = % andp#q.Ifp=q= % then

h(x) —h(x+1) = h(x—1) — h(x)

We can then solve this to find
X
h(X) = E

If p # q, then
h(x) = ph(x+ 1)+ gh(x—1)

We can try a solution of the form A*. Substituting gives

pP2—-1+q=0 = A:l,%

The general solution can be found by using the boundary conditions.

X
() -
AL

a
() -

p

This is known as the ‘gambler’s ruin’ estimate, since it determines whether a gambler will reach a
target before going bankrupt.

h(x)=A+B (%)x = h(x)=

9.3 Expected time to absorption

Let us define T to be the first time that x = 0 or x = a. Then T = min{n > 0: X,, € {0, a}}. We want
to find E, [T] = 7. We can apply a condition on the first step, and use the law of total expectation to
give
T = pE, [T | Yy = 1] +qE, [T | Y} = —1]
Hence
Tx = p(Tx+1 +1D)+q(te +1)
We can deduce that, for 0 < x < a,

Te =1+ Pl + QT
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andty=17,=0.Ifp=q= % then we can try a solution of the form Ax?.

1 1
Ax> =1+ EA(x +1)2+ EA(x —1)?
This gives a general solution of the form
A=-1 = 1,=-x*+Bx+C = 7, =x(a—x)

If p # q, then we will try a solution of the form Cx, giving

The general solution has the form

10 Probability generating functions

10.1 Definition

Let X be a random variable with values in the positive integers, N. Let p, = P (X = r) be the probab-
ility mass function. Then the probability generating function is defined to be

p(z) =Y prz" =E[zX] for|z| <1
r=0

When |z| < 1, the probability generating function converges absolutely, since |Z:°=0 prz" | < Z:Zo pr =
1. So p(z) is well-defined and has a radius of convergence of at least 1.

Theorem. The probability generating function of X uniquely determines the distribution of
X.

Proof. Suppose (p,) and (q,) are two probability mass functions with

() oo
Z prz" = z q,2",V|z| <1
r=0 r=0

We will show that p, = g, for all r. First, set z = 0, then clearly py = qo. Then by induction, suppose
that p, = q, for all r < n. Then we would like to show that p,,,; = q,,1. We know that

[c9) [s9)

r— r
2 pE= 2 4z
r=n+1 r=n+1

Hence, dividing by z"**!, and taking the limit as z — 0, we have p,,; = ¢, as required. O

10.2 Finding moments and probabilities
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Theorem.
lim p'(z) = p'(07) = E[X]

Proof. We will first assume that E [X] is finite; we will then extend the proof to the infinite case. Let
0 < z < 1, then since the series p(z) is absolutely convergent, we can interchange the sum and the

derivative operators, giving
o)

p'(z) = Z rpz!
r=0
We can make an upper bound for this sum:
[oe] [oe]
D o < Y rpy = E[X]
r=0 r=0

Since 0 < z < 1, we see that p’(z) is an increasing function of z. This implies that there exists a limit
of p'(z) as z — 17, which is upper bounded by E [X]. Now, let € > 0 and let N be an integer large
enough such that

r=0
We have further that, since0 < z < 1,
N
p'(z) > D rp,z"
r=1
So
N
li ! > >E[X] -
lim p'(2) > Z}lrpr >E[X]—¢

which is true for any €. Therefore lim,_,;- p'(z) = E[X]. Now, in the case that E [X] is infinite, for
any M we can find a sufficiently large N such that

N
2. bz M
r=0
From above, we know that
N
lim p'(z) > rp, > M
z—»l—p( )—';1 br 2
Since this is true for any M, this limit is equal to co. O

In exactly the same way, we can prove that
p"(17) = E[X(X - 1)]

and in general,
pPA)=E[XX -1)--- (X —k+1)]
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In particular,
Var(X) = p"(17) + p'A7) — p'(17)?
Further,
1 47

PX=n= T

p(z)
z=0

10.3 Sums of random variables

Suppose that X, ..., X,, are independent random variables with probability generating functions
q1, --- »qy respectively. Then
p(z) = E[zX1+++Xn]

Recall that if X and Y are independent, then for all functions f and g, we have E[f(X)g(Y)] =
E[f(X)]E[g(Y)]. Therefore,

p(Z) =E [ZXIZXZ ...ZXn] = [ZXI] - E [ZXn] = ql(Z) qn(z)

So the probability generating function factorises into its independent parts. In particular, if all the X;
are independent and identically distributed, then

p(z) = q(2)"

10.4 Common probability generating functions

Suppose that X ~ Bin(n, p). Then

I
S S
Ss—
—~
=
N
—~
<
~
—
I
=
=
S
1

Now, let X ~ Bin(n, p), Y ~ Bin(m, p) be independent random variables. Then the probability
generating function of X + Y is

(pz+1-p)"-(pz+1-p)" =(pz+1-p"*™

which is the probability generating function of a binomial distribution where the number of trials is
n + m. Now, suppose that X ~ Geo(p). Then

p(z) = E[zX]
=2,2/0-p)p
r=0
_ 4
- 1-2z(1-p)
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Now, suppose that X ~ Poi(4). Then

p(z)=E [ZX]
— i Zre—/l/lr
r=0 r!

= Az-1)

10.5 Random sums of random variables

Consider the sum of a random number of random variables. Let X, ... be independent and identically
distributed, and let N be an independent random variable with values in N. Now, we can define the
random variables S,, to be

Sp=X1+ - +X,

Then

is a random variable dependent on N. For all w € Q,

Sn(@) =X (@) + -+ + Xn(w) (@)
N(w)

= Z Xi(w)
i=1

Now, let q be the probability generating function of N, and p be the probability generating function
of X; (or equivalently, any X;). Then let

r(iz) =k [zsN]
=Y E[zX+# XN (N = n)]

=Y E[zX1+#Xn  1(N = n)]
= zn: E[zX1F -+ | E[1(N = n)]
= Zn: E[zX1t+Xn ]| P(N = n)
=Zn:[E[zX1]n[P’(N= n)

= Zn: p(2)"P (N = n)

= qrzp(Z))

Here is an alternative proof using conditional expectation.

r(z) = E[z5V]
E[E[: V]
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We can see that
E[z5¥ [N =n| =E[z5 |N =n|

=E[z%]"

= p(2)"
Therefore,

r(z) = E[p(z)"]
= q(p(2))
Using this expression for r, we can find that
E[Sn]=rA7)=q(p17)-p'A7) =q'17)-p'(07) =E[N]E[X;]

Similarly,
Var (Sy) = E [N] Var (X;) + Var (N) (E [X;])?

11 Branching processes

11.1 Introduction

Let (X,,: n > 0) be a random process, where X,, is the number of individuals in generation n,
and X, = 1. The individual in generation 0 produces a random number of offspring with distri-
bution

g =P X, =k)

Then every individual in generation 1 produces an independent number of offspring with the same
distribution. This is called a branching process. We can write a recursive formula for X;,. First, let
(Y, k>1,n>0)beanindependent and identically distributed sequence with distribution (g ).
So Yk, is the number of offspring of the kth individual in generation n.

Yint+t-+Yx, , whenX,>1

X, =
n+l {O otherwise

11.2 Expectation of generation size

Theorem.
n
E[X.] =E[X]
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Proof. Inductively,

E[Xn41] = E[E[Xpq [ Xi]]

E[Xp41 | X =m] = [E[Yl,n + -t YX,,,n | X, = m]
= [E[Yl,n +ot Y | X = m]
= mE|[Yy,]
=mE[X]

S E Xy | Xl =X, - E[X]
S E[Xp] = E[X, - E[X]]
=E[X,]-E[X]

O
11.3 Probability generating functions
Theorem. Let G(z) = E[z*1] be the probability generating function of X;, and G,(z) =
E [z%7] be the probability generating function of X,,. Then
Gn41(2) = G(Gp(2)) = G(G(-+- G(2) -+)) = G,(G(2))
Proof.
Guia(2) = E[2%o0 ]
= E[E[zX1 | X,]]
E [ZXn+1 |Xn — m] =F [ZYI,n+'--+YWI,Vl |Xn — m]
=E[z%]"
= G(z)™
SLE[E[2%n | X, || = E[G(2)%n]
= Gn(G(2))
O

11.4 Probability of extinction

We define the extinction probability q as the probability that X,, = 0 for some n > 1, and q,, =
P (X, = 0). Itis clear that X,, = 0 implies that X,,,; = 0. So the sequence of events (4,,) = ({X,, = 0})
isan increasing sequence of events. So by the continuity of the probability measure, P (4,,) converges
toP (|JA,)asn — co. Note that the event | J A, is the event that there will be extinction. Therefore,
qn — qasn — oo.

Claim. q,,, = G(q,) and q = G(@).
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Proof. Using the above theorem on gq,

n+1 = P (X4 =0)
= n+1(0)
= G(G,(0))

= G(qn)

Since G is continuous, taking the limit as n — oo and using that q,, — q gives G(q) = q. O
We can form another proof for the first part of the above claim.

Proof. Instead of conditioning on the previous generation, let us condition on the first generation,
i.e. X; = m. Note that after the first generation, we will have m independent subtrees on the family
tree. Each tree is identically distributed to the entire tree as a whole. Hence,

Xp1 = 1(11) + - +Xr(zm)

where the Xi(j ) are independent and identically distributed random processes each with the same
offspring distribution. By the law of total probability,

An1 = P(Xpp1 =0)
=Y PXp1 =0|X =m)-P(X; =m)
m

=y P(X,Sl) =0,...,X{™ = 0) P(X, = m)

m

D P(X,(P - o)m P, =m)

m
qn -PXy =m)
m

=G

~

qn)

Theorem. The extinction probability q is the minimal non-negative solution to G(t) = t.
Further, supposing that P (X; = 1) < 1, we have that g < 1 ifand only if E [X;] > 1.

Proof. First, we will prove the minimality of q. Let ¢ be the smallest non-negative solution to G(t) = ¢.
We will prove inductively that q,, < ¢ for all n, and then by taking limits we have that q < ¢. Since q
is a solution, this will imply that g = t. Now, as a base case, gy = 0 = P (X, = 0) < t. Inductively let
us suppose that q,, < t. We know that q,,,; = G(q,). G is an increasing function on [0, 1], and since
qn <t we have g1, = G(qn) < G(1) = t.

Now, we can take P (X; = 1) < 1. Let us use the notation g, = P (X; = r) for simplicity. Consider
the function H(z) = G(z) — z. Let us assume further that g, + g; < 1, since otherwise we cannot
possibly ever increase the amount of individuals in future generations, as E[X;] = P(X; =1) < 1.
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In this case, G(z) = go + g1z = 1 — E[X;] + E[X;] - 2, and solving G(z) = z we would getonly z = 1
since E [X;] < 1. Now,

[c9)
H"(z) = Z r(r—1)g,z"2>0 Vze(0,1)
r=2
This implies that H'(z) is a strictly increasing function in (0, 1). Hence, H(z) has at most one root
different from 1 in (0, 1), which follows from Rolle’s theorem; indeed, if it had two roots different
from 1, then H' would be zero once in (z;, z,) and once in (z,, 1), which contradicts the fact that H’
is strictly increasing.

Let us first consider the case where H has no other root apart from 1. In this case, H(1) = 0 and
H(0) =g, >0 = H(z) > 0forall z € [0,1]. We can find that

H(Z)—HQ) _ H@) _

z—1 T z-1 0

H'(17) = lim

since the numerator is positive, and the denominator is negative. We know that H'(17) = G'(17) -1,
and H'(17) <0 = G'(17) < 1,and G'(Q17) = E[X;]. Sowhen g = 1, then E[X;] < 1.

In the other case, H has one other root r < 1 as well as 1. We have that H(r) = 0 and H(1) = 0. By
Rolle’s theorem, there exists z € (r, 1) such that H'(z) = 0. Further, H'(x) = G'(x) — 1 therefore
G'(z) = 1. Now,

oo [s)
G'(x)= ) rgx"! = H'(x)=G"(x)= ) r(r — 1)g,x"2
r=1 r=2

Under the assumption that g5 + g; < 1, we have that G”(x) > 0 for all x € (0, 1), hence G’ is strictly
increasing for all x € (0,1). Therefore, G'(17) > G'(z) = 1 giving E[X;] > 1. Soif ¢ < 1, then
E[X;] > 1. O

12 Continuous random variables

12.1 Probability distribution function
Let (Q, F, P) be a probability space. Then, as defined before, X : Q — Risarandom variable if
VxeR{X<x}={w: X(w)<x}eF
We define the probability distribution function F : R — [0,1] as
F(x)=PX < x)
Theorem. The following properties hold.
(i) Ifx <y, then F(x) < F(y).

(ii) Foralla < b,P(a < x < b) = F(b) — F(a).
(iii) F is a right continuous function, and left limits always exist. In other words,

F(x*)= lim F(y)=F(x); F(x7)= lim F(y) < F(x)
y—oxt yox—

(iv) Forallx e R, F(x™) = P(X < x).
(v) We have lim,_, ., F(x) = 1 and lim,_,_,, F(x) = 0.
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Proof. (i) The first statement is immediate from the definition of the probability measure.
(ii) We can deduce
Pla<X<b)=P{a<X}In{X <b}
=PX<b)-PEAX<bIn{X <a}
=PX<b)-PX<a
= F(b) — F(a)

(iii) Forrightcontinuity, we want to provelim,,_, ., F (x + %) = F(x). Wewilldefine 4, = {x <X<x+ %}
Then the A,, are decreasing events, and the intersection of all A,, is the empty set @. Hence, by
continuity of the probability measure, P (4,,) —» 0asn — co. ButP(4,)) =P (x <X<x+ l) =

n

F (x + l) — F(x), hence F(x + l) — F(x) as required. Now, we want to show that left limits
n n
always exist. This is clear since F is an increasing function, and is always bounded above by 1.

(iv) We know F(x~) = lim,,_, F (x - l). Consider B,, = {X <x- l}. Then the B, is an increas-
n n
ing sequence of events, and their union is {X < x}. Hence P (B,) converges to P (X < x), so
F(x")=P(X < Xx).

(v) This is evident from the properties of the probability measure.

12.2 Defining a continuous random variable
For a discrete random variable, F is a step function, which of course is right continuous with left

limits.

Definition. A random variable X is called continuous if F is a continuous function. In this
case, clearly left limits and right limits give the same value, and P (X = x) = 0 for all x € R.

In this course, we will consider only absolutely continuous random variables. A continuous random
variable is absolutely continuous if F is differentiable. We will make the convention that F'(x) =
f(x), where f(x) is called the probability density function of X. The following immediate properties
hold.

G f=o0
(i) /72 f(odx =1

(ii) F(x) = 2, f(O)dt
(iv) For SCR,P(X € S) = fg f(x)dx

Here is an intuitive explanation of the probability density function. Suppose Ax is a small quantity.
Then

X+Ax
IP(x<X§x+Ax)=f fOdy = f(x) - Ax

So we can think of f(x) as the continuous analogy to P (X = x).
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12.3 Expectation

Consider a continuous random variable X : Q — R, with probability distribution function F(x) and
probability density function f(x) = F’(x). We define the expectation of such a non-negative random
variable as

E[X] = /-°° xf(x)dx
0

In this case, the expectation is either non-negative and finite, or positive infinity. Now, let X be a gen-
eral continuous random variable, that is not necessarily non-negative. Suppose g > 0. Then,

Emanffg@mmw

We can define X, = max(X,0) and X_ = max(—X, 0). If at least one of E [X, ] or E [X_] is finite, then
clearly

[E[X]::[E[X+]—[E[X_]=/ xf(x)dx

It is easy to verify that the expectation is a linear function, due to the linearity property of the integ-
ral.

12.4 Computing the expectation

Claim. Let X > 0. Then -
[E[X]=f P (X > x)dx
0

Proof. Using the definition of the expectation,

E[X] = /‘°° xf(x)dx
0

([ 5o
= foxdy/y‘oof(x)dx
=-/O‘oody<1—/_:f(x)dx)

=f QP (X > y)
0

Here is an alternative proof.
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Proof. For every w € Q, we can write

X(w) = /‘°° 1(X(w) > x)dx
0

Taking expectations, we get
E[X]=E [f 1(X(w) > x) dx]
0

We will interchange the integral and the expectation, although this step is not justified or rigorous.
(o9
E[X]= / E[1(X(w) > x)]dx
0

=/ P(X > x)dx
0

12.5 Variance

We define the variance of a continuous random variable as

Var (X) = E[(X — E[X])?] = E[X?] - E[x]*

12.6 Uniform distribution

Consider the uniform distribution defined by a, b € R.

1

() = {g—a

X € [a, b]

otherwise

We write X ~ Ula, b]. For some x € [a, b], we can write

Por<n= [ f0)dy =0

Hence, for x € [a, b],

1 x>b
F(x) = % x € [a,b]
0 x<a

Then,
b

X a+b
[E[X]—/a b_adx—

2

12.7 Exponential distribution

The exponential distribution is defined by f(x) = Ae=** for A > 0, x > 0. Wewrite X ~ Exp(1).

X
FxX)=P(X <x)= f leWVdy=1—eH
0
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Further,

E[X] = / Axe dx = 1
A 1

We can view the exponential distribution as a limit of geometric distributions. Suppose that T ~
Exp(4), and let T,, = |nT| for all n € N. We have

k
P(Tn > k) = P(T > S) = e—/lk/n = (e_ﬂ'/”)

yl T,
M Asn - o0, p, ~ =,and = ~

Hence T, is a geometric distribution with parameter p,, = e ;
T. Hence the exponential distribution is the limit of a scaled version of the geometric distribu-
tion. A key property of the exponential distribution is that it has no memory. If T ~ Exp(1),
P(T>t+s|T>s) = P(T>t). In fact, the distribution is uniquely characterised by this prop-

erty.

Proposition. Let T be a positive continuous random variable not identically zero or infinity.
Then T has the memoryless property P(T > t+s| T >s) = P(T >¢t)ifand only if T ~
Exp(1) for some 1 > 0.

Proof. Clearly if T ~ Exp(4), then P(T > t+s| T >s) = e”* = P(T > t) as required. Now, given
that T has this memoryless property, for all s and ¢, we have P(T > t +s) = P(T > t)P(T > s). Let
g(t) = P(T > t); we would like to show that g(t) = e~*!. Then g satisfies g(t +s) = g(t)g(s). Then for
allm € N, g(mt) = (g(t))™. Setting t = 1, g(m) = g(1)". Now, g(m/n)" = g(mn/n) = g(m) hence
g(m/n) = g(1)™". So for all rational numbers q € Q, g(q) = g(1).

Now, g(1) = P(T > 1) € (0,1). Indeed, g(1) # 0 since in this case, for any rational number q we
would have g(q) = 0 contradicting the assumption that T was not identically zero, and g(1) # oo
because in this case T would be identically infinity. Now, let A = —logP (T > 1) > 0. We have now
proven that g(t) = e~* for all t € Q.

Lett € R,. Then for all € > 0, there existr,s € Q such thatr <t < sand |r — s| < ¢. In this case,
e =P(T>s) <P(T>t) <P(T>r) =e . Sending ¢ — 0 finishes the proof, showing that
g(t) = e~ for all positive reals. O

12.8 Functions of continuous random variables

Theorem. Suppose that X is a continuous random variable with density f. Let g be a mono-
tonic continuous function (either strictly increasing or strictly decreasing), such that g~ is

differentiable. Then g(X) is a continuous random variable with density f g‘l(x)) i g‘l(x)‘.

Proof. Suppose that g is strictly increasing. We have

PEX)<x)=P(X <g'(x)) =F(g'(x)

Hence, q q d
EP(g(X) <x)=F(g'(x)- ag‘l(X) = f(g‘l(x))ag‘l(X)

51



Note that since g is strictly increasing, so is g~!. Now, suppose the g is strictly decreasing. Since the
random variable is continuous,

PEX)<x)=P(X>g'(x)=1-F(@'(x)
Hence,
dp (g(x) < x) = —F(g7(x) - Lg1(x0) = f(g~ ()| g '(x)
=P ® <x)=-F'(g7(x g x)= f(g x|ag x‘

Likewise, in this case, g is strictly decreasing. O

12.9 Normal distribution

The normal distribution is characterised by 4 € R and o > 0. We define

2
exp {—(xZGél) }

flo) =

27mo?

f(x) is indeed a probability density function:

[s+] [s+] _ 2
I=f f(x)dx=f 21 = exp{—(xzaél) }dx
—0 -0 V27O

Applying the substitution x % we have

\/Ef expl -2 fax

We can evaluate this integral by considering I°.

2 [s0] [se] _(uz_uz)
= —f / e 2 dudv
TJo Jo

Using polar coordinates u = r cos  and v = rsin 6, we have

f drf dOre” 2—1=>I—+1

ButclearlyI > 0,soI = 1. Hence f reallyis a probability density function. Now, if X ~ N(u, a?),

o p{ (x —#)Z}dx

[

- - 2) f oxp -]
———exp { dx +u dx
—o \/ 2702 \/ 277.'0'2 202
odd function around u hence 0 I=1 by above
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We can also compute the variance, using the substitution u = = giving
g

Var(X): Mexp{_w}dx

—o0 \2mo2 202
® 2 2
=02f U exp{—u—}du
—00 V 27 2
2

=0

In particular, when u = 0 and o2 = 1, we call the distribution N(u, 02) = N(0, 1) the standard normal
distribution. We define

Hence ®(x) = P (X < x) if X has the standard normal distribution. Since ¢(x) = ¢$(—x), we have
®(x) + P(—x) = 1, hence P(X < x) =1 — P (X < —x).

13 Multivariate density functions

13.1 Standardising normal distributions

Suppose X ~ N(u,0?). Leta # 0,b € R, and let g(x) = ax + b. We define Y = g(X) = aX + b. We
can find the density fy of Y, by noting that g is a monotonic function and the inverse has a derivative.
We can then use the theorem in the last lecture to show that

) = g 0)- )%g*(y)\

—b
1 (yT — w)? 1
B \ 2702 P\ T " 2a
_ 2
1 exp(—(y a/;t-lz-b) )
\27a2o? 2a°c

Hence Y ~ N(au + b, a’0?). In particular, X is exactly the standard normal distribution.
g

Definition. Suppose X is a continuous random variable. Then the median of X, denoted by
m, is the number satisfying

P(Xﬁm):lP(XZm):%
If X ~ N(u,0?), then P (X < u) = ®(0) = % hence u is the median of the normal distribution.

13.2 Multivariate density functions

Suppose X = (X, ..., X)) € R" is a random variable. We say that X has density f if

X1 Xn
PX; £ x5, X, < Xp) = f f fO1 ey dy; .. dy,
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Then,

an
f(xl, ,xn) = mF(Xl, ,xn)

X1 ..
This generalises the fact that for all (reasonable) B C R",

P (X1, ... X,) € B) = f F@ 1 e s y) Ay ooy,
B

13.3 Independence of events

In the continuous case, we can no longer use the definition
PX=aY=b=PX=a)P({ =b)

since the probability of a random variable being a specific value is always zero. Instead, we define
that Xi, ..., X,, are independent if for all x;, ..., x, € R,

P(Xl S xl,...,Xn S xn) = P(Xl S xl)P(Xn S xn)

Theorem. Suppose X = (X, ..., X,,) has density f.
(a) Suppose Xi, ..., X, are independent with densities fi, ..., f,. Then f(xi,...,x,) =
i) - fu(xn).

(b) Suppose that f factorises as f(xy, ..., X;) = fi(x1) --- fu(x,) for some non-negative func-
tions fi, ..., f;- Then X, ..., X}, are independent with densities proportional to fi, ..., f;.
(In order to have a density function, we require that it integrates to 1, so we choose a
scaling factor such that this requirement holds.)
In other words, f factorises if and only if it is comprised of independent events.

Proof.  (a) We know that

[P)(Xl S xl,...,Xn S xn) = P(Xl S xl)"‘ [p(Xn S xn)

X1 Xn
- [ sonan [ honw,
_;.Col Xpn n -
=f Hfi(Yi)in
—00 -0 i=1
So the density of (X, ..., X},) is the product of the (f;).
(b) Suppose f factorises. Let By, ..., B, C R. Then

PO € By Xy €B) = [ o [ i) i)y vy

By Bp

Now, let B; =R for all j # i. Then

P(X; €B)=P(X; €B;,X; €EB; Vj#i)= f fidy; - H/ fi(x;)dy;
. B]

B; J#1
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Since f is a density function,

/ f FO1y ooy X) oy - dxy = 1

But f is the product of the f;, so

[Se] [Se] 1
fidy=1 = findy = —s———
]}I-/;m ! g —00 / f_oofl(y)dy
Hence, s (
Jiy)dy
P(X; €B) = g
S [y dy
This shows that the density of X; is
I
S0 fi)dy

The X; are independent, since

L Ay S8 () dyg

LS AGD Y - L f(n) dyn
=PX; £x) - PXp < xp)

P(X; < Xppees X < Xp)

13.4 Marginal density

Suppose that (X, ..., X,,) has density f. Now we can compute the marginal density as follows.

P(Xl S .x) = P(Xl S X,Xz (S R,...,Xn (S R)

=/ / / f(xqy s X)) dxyg ---dx,
=/ dx; <f / f(xl,...,xn)dx2~~-dxn>

marginal density of X

13.5 Sum of random variables

Recall that in the discrete case, for independent random variables X and Y we have

PX+Y=2)=)PX+Y=2zY=y)
y
=Y PX=z-y)P(Y =y)
y

= px(z—Y)py(»)
y

55



which was called the convolution. In the continuous case,

PX+Y<z2)= [/ fxy(x,y)dxdy
{x+y<z}
- [ | seonmaxa

o)
—o0

= /:o dy ([: fY(y—x)fX(x)dx>

g

- f ( f G fr (=) dy) dx (usingy - y +x)

Hence the density of X + Y is g(y), where

&) = f Fr (0 = x)fx () dx

Definition. Let f, g be density functions. Then the convolution of f and g is
Gom= [ Fo-050d
Here is a non-rigorous argument, which can be used as a heuristic.
P(X+Y§z)=me(X+Y§z,Y€dy)
:/OO[P’(X+YSZ,Yedy)
=/°°[P’(X§z—y)[P’(Yedy)
- [ per<z-npoa
- [ BG-rroa
Eraer<a= [ L RGO
dz & 4z

- f fez =My ) dy

13.6 Conditional density

We will now define the conditional density of a continuous random variable, given the value of an-
other continuous random variable. Let X and Y be continuous random variables with joint density
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fx,y and marginal densities fx and fy. Then we define the conditional density of X given thatY =y
is defined as

leY(x [y) = o)

Then we can find the law of total probability in the continuous case.
= [ fevteey
- [ fv s

13.7 Conditional expectation

We want to define E [X | Y] to be some function g(Y') for some function g. We will define

g) =/ xfxy(x | y)dx

which is the analogous expression to E [X | Y = y] from the discrete case. Then wejustsetE [X | Y] =
g(Y) to be the conditional expectation.

13.8 Transformations of multidimensional random variables

Theorem. Let X be a continuous random variable with values in D C R¢, with density fx.
Now, let g be a bijection D to g(D) which has a continuous derivative, and det g’(x) # 0 for
all x € D. Then the random variable Y = g(X) has density

fr@) = fx(x) - || where x = g™(y)

d
J = det (<%> )
9y; ij=1

No proof will be given for this theorem. As an example, let X and Y be independent continuous
random variables with the standard normal distribution. The point (X, Y) in R? has polar coordinates
(R,®). What are the densities of R and ®? We have X = Rcos® and Y = Rsin®. The Jacobian
is

where J is the Jacobian

]:det<c0s6 —rsm@)

sin® rcosb
Hence,

fre(,0) = fx y(rcosd,rsin0)|J|
= fx,y(rcos®,rsin O)r

= fx(rcos0)fy(rsin O)r
1 _ r2 cos? © 1 _ r2sin 6
= ——¢ 2 c—e 2 .r
\2r V2
2
=—¢ 2 .
277:6 r
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forallr > 0 and 6 € [0, 27]. Note that the joint density factorises into marginal densities:

r2

fro(r6) = o= o
N R
fe

2
so the random variables R and @ are independent, where ® ~ UJ[0,27] and R has density re 2 on
(0, 00).

13.9 Order statistics of a random sample

LetXj, ..., X, beindependent and identically distributed random variables with distribution function
F and density function f. We can put them in increasing order:

Xa) = X@) £ = Xy
and let Y; = X(;). The (Y';) are the order statistics.

P(Y; < x) =P (min(X,,...,X,) < x)
=1-P(min(X,, ...,X,) > x)
=1-PX; >x)PX, > X)
=1-(1-Fx)"

Further,

- d n
()= 3 Q=0 =F))"
= n(1 - F(x))"' f(x)
We can compute an analogous result for the maximum.

P (Y, < x) = (F(x))"
fr, (%) = n(FC)" f(x)

What are the densities of the other random variables? First, let x; < x, < --- < X,,. Then, we can first
find the joint distribution P (Y} < x, ..., ¥, < X,,). Note that this is simply the sum over all possible
permutations of the (X;) of P(X; < xq,...,X,, < x,). But since the variables are independent and
identically distributed, these probabilities are the same. Hence,

o [ [ e )
le ..... Yn(xl’ ’xn) = n!f(xl) f(xn)

when x; < x, < -+ < X, and the joint density is zero otherwise. Note that this joint density does
not factorise as a product of densities, since we must always consider the indicator function that
Xp < Xy < -+ < Xy

PY, <x,..,. Y, <xy)=nl-PX; <xy,....%, <x,, X <+ <Xp)
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13.10 Order statistics on exponential distribution
LetX ~ Exp(4), Y ~ Exp(u) be independent continuous random variables. Let Z = min(X, Y).
PZ>2)=PX>zY>2)=PX >2)P(Y >z)=e 2. = ¢~(At1)z

Hence Z has the exponential distribution with parameter 4 + u. More generally, if X;, ..., X, are
independent continuous random variables with X; ~ Exp(4;), then Z = min(Xj, ..., X,,) has distribu-
tion Exp (Zin:l /11')- Now, let Xi, ... , X, be independent identically distributed random variables with
distribution Exp(1), and let Y; be their order statistics. Then

Z1=Y; ZL=YL-Y Z4i=Yi-Yi,

So the Z; are the ‘durations between consecutive results’ from the X;. What is the density of these Z;?
First, note that

1 0 0 - 0

Z Y, -1 1 0 - 0
Z=<E)=A(E» A=l0 -1 1 0
Z, Y, Lo S

0 0 0 - 1

Note that det A = 1, and Z = AY, and note further that

Jj
=2z
i=1
Now,

fzyz) (@155 20) = fvy,..., Yn)(J’b---’J’n)@
=1

=nlf(y) - fO,)
= nl(le=M1) .- (le=Mn)
= pIne—Anz1+(n—1)za+--+2,)

n
= H(n — i+ DAeAMn—i+Dz;

i=1
The density function of the vector Z factorises into functions of the z;, so Z;, ..., Z,, are independent
and Z; ~ Exp(A(n —i + 1)).
14 Moment generating functions

14.1 Moment generating functions

Consider a continuous random variable X with density f. Then the moment generating function of
X is defined as

m(0) = E [e°X] = f°° 9% f(x)dx

whenever this integral is finite. Note that m(0) = 1.
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Theorem. The moment generating function uniquely determines the distribution of a con-

tinuous random variable, provided that it is defined on some open interval (a, b) of values of
6.

No proof will be given.

Theorem. Suppose the moment generating function is defined on an open interval of values
of 6. Then

d}"
—m(6 =E[X"
TS )Lzo [X"]

Theorem. Suppose Xj, ..., X, are independent random variables. Then

m(6) = E [ee(X1+...+Xn)] — H E [eexi]
i=1

Proof. Since the X; are independent, we can move the product outside of the expectation. O

14.2 Gamma distribution

Let X be a random variable with density

i Anxn—l

fl)=e" =D

where A > 0, n € N, x > 0. We can say that X ~ I['(n,1). First, we check that f is indeed a
density.

I, = / fx)dx
0
© xn-1
— —Ax
= ‘/0. le )] dx
_ © e—/lxﬂn—l(n _ l)xn—z
A (n—1)!

© e—Ax n—1yn-2
= —— dx
o (n—2)!

dx

=I,_; =" =I1

Note that forn = 1, f(x) = Ae~** which is the density of the exponential distribution. Therefore,
I, = 1 asrequired, so f really is a density. Now,

® 20X g=Ax Jnyn—1
m(6) = f ——dx
o (n—=1)
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If 1 > 6, then we have a finite integral. If 4 < 6, then the exponential term ¢%* will dominate and we
will have an infinite integral. So, let 1 > 6.

© 0% o= Ax Jnyn—1
m(6) = / A gk
o (n—=1)

n p® _(1-9)x(7 _ A\nyh—1
_ ( p ) f e 1 6') X"
1-0 o (n=1)

The integral on the right hand side is the probability distribution function of a random variable Y ~
I'(n, A — 6), which gives 1 since the integral is taken over the entire domain. Hence,

o=

Now, let X ~ T'(n,A) and Y ~ I'(m, 1) be independent continuous random variables. Then
A n+m
— F[8X+Y)] — F[.6X oY1 _

m(8) = E[#X+D)] = E [X | E [¢?Y] (l_e)

So by the uniqueness property we saw earlier, we get that X + Y ~ I'(n + m, 1). In particular, this

implies that if X3, ..., X, are independent and identically distributed with the distribution Exp(1) =
I'(1,A), then

X1+ +X, ~T(n, 1)

We could alternatively consider I'(«, 4) for a > 0 by replacing (n — 1)! with
[S¢]
I'(a) = / e *x% ldx
0

which agrees with this factorial function for integer values of c.

14.3 Moment generating function of the normal distribution

1 (x — w)?
- exp(— 552 )

2ro

Recall that

flo) =

Now,

a 1 (x —p)? T (x — w?
m(6) = / e exp(— dx = exp| Ox — dx
0 \27o? 207 0o V2mo? 202
Note that 5
AV 22 — + 602
e =B _ +ea_(x (u + 60?))

2072 2 2072

Hence,

) _ 2\\2
(@) =/ 1 exp<eﬂ+ %0 (x—(u+60?) )dx
0

2702 2 20°

92202 (x = (u+60%))" ) dx

|
= exp| Ou + exp| —
p( g )fo V27?2 p( 20°
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Note that the integral on the right hand side has the form of the probability distribution function of
avariable Y ~ N(u + 602, 0%), hence it integrates to 1.

2.2
m(6) = exp(@,u + 2 ZU )

Recall that if X ~ N(u, o?), then aX + b ~ N(au + b, a?c?). We can then deduce that

02a2g?
2

E [e9@X+D)] = exp(@(a,u +b)+

Now, suppose that X ~ N(u,02) and Y ~ N(v, t2) are independent. Then
E[eSX+D)] = E [e2X] E[¢®Y]
0% 0%7?
= exp(@,u + T) exp(@v + T)

8%(a? + 1'2)>

= exp(@(,u +v)+ 3

Hence X +Y ~ N(u + v, 02 + 72).

14.4 Cauchy distribution
Suppose that a continuous random variable X has density

1

f(x)=m

where x € R. Now,
® Ox
_ X7 _ e _ (00 9#0
m(@)—ﬂE[e ]_/;oon(1+x2)_{1 6=0

Suppose X ~ f. Then X, 2X, 3X, ... have the same moment generating function, but they do not have
the same distribution. This is because m(6) is not finite on an open interval.

14.5 Multivariate moment generating functions

Let X = (X3, ...,X,,) be a random variable with values in R”. Then the moment generating function
of X is defined as

6,
m(9) = [E[eeTX] — [E[861X1+-~-+6,,Xn]; 0= ( : )
En

Theorem. If the moment generating function is finite for a range of values of 6, it uniquely
determines the distribution of X. Also,

"'m
ae{ 6=0

= £[x]]
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and

Further,

m(8) = ] | E[e%%i]

i=1
ifand only if X;, ..., X, are independent.

No proof is provided.

15 Limit theorems

15.1 Convergence in distribution

Definition. Let (X, : n € N)beasequence of random variables and let X be another random

d
variable. We say that X, converges to X in distribution, written X,, — X, if

Fy, (%) > Fx(x)

for all x € R that are continuity points of Fx.

Theorem (Continuity property for moment generating functions). Let X be a continuous
random variable with m(6) < oo for some 6 # 0. Suppose that m,(6) - m(6) for all 6 € R,

where m,,(0) = E [¢?*7], and m(6) = E [¢X]. Then X,, 4 X.

15.2 Weak law of large numbers

Theorem. Let (X, : n € N) be a sequence of independent and identically distributed ran-
dom variables, with u = E [X;] < o0. Let S,, = X; + --- + X,,. Then for all € > 0,

dE

L — >> 0
n,u|£—>

asn — oo.

We will give a proof assuming that the variance of X; is finite.
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Proof. By Chebyshev’s inequality,

d

N
7"—/4 >£>=P(|Sn—nu| > en)

Var (S,)

e2n2
no?
e2n2
-0

15.3 Types of convergence

P
Definition. A sequence (X,,) converges to X in probability, written X,, — X as n — oo if for
alle > 0,

P(X,—X|>e)—>0; n— oo

Definition. A sequence (X,,) converges to X almost surely (with probability 1), if

[P’(lianzX):l

n—oo

This second definition is a stronger form of convergence. If a sequence (X,,) converges to zero almost

P
surely, then X,, — 0asn — oo.

Proof. Wewanttoshow thatgivenanye > 0, P (|X,| > €) - 0asn — oo, orequivalently, P (|X,| < ¢) —
1.

P(Xal <) 2P| (] {1Xml <}

m=n

Ap

Note that A,, is an increasing sequence of events, and

U A, = {|Xjn| < € for all m sufficiently large}
n

Hence,as n — oo,
P4~ P(JAn)
Therefore,

lim P (X, <¢)> lim P(4,) =P ([ J4,) > P(hm X, = 0)
n—oo n—oo n—oo

Since X,, converges to zero almost surely, this event on the right hand side has probability 1, so in
particular the limit on the left has probability 1, as required. O
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15.4 Strong law of large numbers

Theorem. Let (X},),cn be an independent and identically distributed sequence of random
variables, with 4 = E [X; ] finite. Let S,, = X; + --- + X,,. Then

Sn
S, T Hasn— oo almost surely

In other words,
P ( lim Sn - ,u> =1

n-oo N

The following proof, made under the assumption of a finite fourth moment, is non-examinable. A
proof can be formulated without this assumption, but it is more complicated.

Proof. LetY; = X;—u. Then E[Y;] = 0,and E[Y;*] < 2*(E [X}'] + u*) < oo. It then suffices to show
that

where S, = 31 X; and E[X;] = 0, E[X}"] < co. First,

1

n 4 n 4 n
S4 = (in) =Y X'+ (Z)ZXiZXjZ +R
i=1 i=1 i=1

where R is a sum of terms of the form Xl-ZXij or Xl3XJ or X;X;X; X, for i, j, k, 1 distinct. Once we
take expectations, each term in R will have no contribution to the result, since they all contain an
E [X;] = 0 term.

E[Sa] = nE[X?]+ ()n(nz e [x2x7] + E IR
= nE[X}] + 3n(n — DE [X}] E[X?]

<nE [X4]+3n(n—1)[E[ il

= 3n’E [X{]

by Jensen’s inequality. Now,

[ELi( )] i% E[X]] < o

=1 n=1
Hence,
00 S 4
> (f) < oo with probability 1
n=1

Then since the sum of infinitely many positive terms is finite, the terms must converge to zero.

.S
lim =2 > 0a.s.
n—-oo N
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15.5 Central limit theorem
Suppose, like before, that we have a sequence of independent and identically distributed random
variables X,,, and suppose further that E [X;] = u, and Var (X;) = ¢? < 0.

Sn _ ¢’
Var(; —,u) = —

n
We can normalise this new random variable 57” — u by dividing by its standard deviation.

_ 7"_“ _ Sn—nu
G

Vn oVn

Theorem. For all x € R,

[§]

S X il
p(ﬂs)c)_)q)(x)= e 2
a\/n

dy
o V27

In other words,

S,—nu d

- 7
iz
where Z is the standard normal distribution.

Less formally, we might say that the central limit theorem shows that, for a large n,

S, ~ npt + o\/nZ ~ N(nu, no?)

further that there exists § > 0 such that

. X;— . . .

Proof. Consider Y; = ZZE Then the Y ; have zero expectation and unit variance. It then suffices
g

to prove the central limit theorem when the X; have zero expectation and unit variance. We assume

E[e?X1] < 00; E[e™®%1] < 0
We will show that

Sy d
— —= N(0,1
1 SN, )
By the continuity property of moment generating functions, it is sufficient to show that for all 8 € R,
o5n
lim E [e n

] =E[e%] = eg

n—-oo

Let m(6) = E[e%1]. Then

0Sn

0 x n 6 n
Ele n ]:E[eﬁ 1] —(m(—))
We now need to show that
li 0 " =
oo | ﬁ -’



Now, let |8] < g. In this case,

m(6) = E [¢5%1]
_[E[1+6X1+ — X+ Z ]

= [E[1]+[E[6X1]+[E[%X12] +E

2 k
—1+%+[E[ ?dxk]
k=3

k
Now, it suffices to prove that ‘[E [2;13 i—'X{‘ ]' = 0(6?) as 0 — 0. Indeed, if we have this bound, then

0 62 2 . o \\" &
m(—) =1+ b + o<:), and hence lim,,_, o, (m(—)) e 2 . To find this bound, we know that

G T
6 [ |e|"|X1|"]
ElY =xk|l <E|D 2210
|2 5 <2 |2
5 - X
— 3 16X,
=k |6X1| Z 4 (k+3)!
<E |6X1| Z |6X1| ]
Since |6] < g
00 k
2)¢ g
[E[|6X1|3 > | k;' < [E[|6X1|3e2|X1|]
k=0
Now,
s 3
jox el = |e|3—(5|X1|) 3Ll
3! <§)3
2
Note that , y
s 5
Grl) = (Gxl) s
2 <y 2 — o5l
3! kZ::o k!
Hence, , ,
16X, e2|X1| < |9|3 —|X1| 3_' ‘e§|X1| — Meapm _ 3!<M> 2SIl
&) &) ’
2 2
Therefore,
OX1l < o8X1 4 o=0X
So finally,
60X, 2|6
[|9X1| > Lol ] 3 '5') [#% + 5% = o(l6])
as 6 — 0. O
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15.6 Applications of central limit theorem

We can use the central limit theorem to approximate the binomial distribution using the normal
distribution. Suppose that S,, ~ Bin(n, p). Then S,, = Zin:le-, where the X; have the Bernoulli
distribution with parameter p. We know that E [S,,] = np, and Var(S,) = np(1 — p). Therefore, in
particular,

S, = N(np,np(1 — p))

for n large. Note that we showed before that
. A .
B1n<n, ﬁ) — Poi(1)

Note that with this approximation to the binomial, we let the parameter p depend on n. Since this is
the case, we can no longer apply the central limit theorem, and we get a Poisson distributed approx-
imation.

We can, however, use the central limit theorem to find a normal approximation for a Poisson random
. . . . n .
variable S,, ~ Poi(n), since S, can be written as )}, X; where the X; ~ Poi(1). Then

S, ~ N(n, n)

15.7 Sampling error via central limit theorem

Suppose individuals independently vote ‘yes’ (with probability p) or ‘no’ (with probability 1 — p).
We can sample the population to find an approximation for p. Pick N individuals at random, and let
DN = Sﬂ, where S, is the number of individuals who voted ‘yes’. We would like to find the minimum

N such that |py — p| < 4% with probability at least 99%. We have

Sy ~ Bin(N,p) * Np++/Np(1 — p)Z; Z ~ N(0,1)
SN p(1 —p) s .. [pd=p)
N SPH\ T Z = Ibn—plry 12

We then want to find N such that

[P’( WW < 0.04) > 0.99

Hence,

We can compute this from the tables of the standard normal distribution. If z = 2.58, then P (|Z| > 2.58) =

0.01, hence we need an N such that
0.04 L > 2.58
p(1 —p)

In the worst case scenario, p = % would give the largest N. So we need N > 1040 to get a good result
for all p.
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15.8 Buffon’s needle

Consider a set of parallel lines on a plane, all a distance L apart. Imagine dropping a needle of length
¢ < L onto this plane at random. What is the probability that it intersects at least one line?

We will interpret a random drop to be represented by independent values x and 6, where x is the
perpendicular distance from the lower end of the needle to the nearest line above it, and 8 is the angle
between the horizontal and the needle, where a value of 6 = 0 means that the needle is horizontal,
and higher values of & mean that the needle has been rotated 6 radians anticlockwise. We assume
that ® ~ U[0, 7], and X ~ UJ[0, L], and that they are independent. The needle intersects a line if and
only if £sin @ > x. We have

P (intersection) = P (X < £sin ©)

L T 1
=/f—1(x§€sin6)dxd6
o Jo L
2¢

~ 7L
Let this probability be denoted by p. So we can compute an approximation to 7z by finding

a2
-2

We can use the sampling error calculation above to find the amount of needles required to get a good
approximation to 7 (within 0.1%) with probability ast least 99%, so we want

P (|#, — 7| < 0.001) > 0.99

Let S, be the number of needles intersecting a line. Then S,, ~ Bin(n, p). So by the central limit

theorem,
S 1—
S, ®np+ np(l—p)Z:>pn=7n=p+ P(np)Z
R (1-p)
pn_pz\/i %Z

Now, let f(x) = 2¢/xL. Then f(p) = =, f'(p) = —g, and %, = f(p,). We can then use a Taylor

expansion to find

Hence,

#n = F6) % fD) + (b = DI (0) = #tu 7= (Pr = D)
# _ﬁz_E M:—n’ ﬂz
" pV n \/ pn
p (m [1=P 7 < 0.001) > 0.99
pn

So using tables, we find in the worst case scenario that n ~ 3.75x10”. So this approximation becomes
good very slowly.

Hence,

‘We want
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15.9 Bertrand’s paradox

Consider a circle of radius 7, and draw a random chord on the circle. What is the probability that its
length C is less than r? There are two interpretations of the words ‘random chord’, that give different
results. This is Bertrand’s paradox.

(i) First, let us interpret ‘random chord’ as follows. Let X ~ U[0,7], and then we draw a chord
perpendicular to a radius, such that it intersects the radius at a distance of X from the origin.
Then we have formed a triangle between this intersection point, one end of the chord, and the
circle’s centre. By Pythagoras’ theorem, the length of the chord is then twice the height of this
triangle, so C = 2/ r2 — X2. Hence,

P(CL<r)=P X2<r)
X2)<r)

(2
P (a(r
=()

IV

<|

(ii) Instead, let us fix one end point of the chord A, and let ® ~ U[0, 27]. Let the other end point
B be such that the angle between the radii OA and OB is ©. Then if ® € [0, 7], the length of
the chord can be found by splitting this triangle in two by dropping a perpendicular from the
centre, giving

C = 2rsin 5
If® € [x,27], then

2 —
C = 2rsin i

®
= 2rsin —
s

as before. Now,
G

P(C<Lr)= P(erIHE < r)

P <s1n )

( P

0<3)

)

<

+l\)r—l

(0=25)

Wik o~ g
+

S olm

Q

Clearly, the two probabilities do not match.

16 Gaussian vectors

16.1 Multidimensional Gaussian random variables
Recall that a random variable X with values in R is called Gaussian (or normal) if

X=u+0ozZ, ueR,0>0,Z~N(0,1)
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The density function of X is

flo) =

202

onl-C222)

2702

Now, let X = (X3, ... , X,,)T with values in R". Then we define that X is a Gaussian vector (also called
Gaussian) if

i=1

ul n
Vu=(5)e[R{”,uTX=ZuiXi=y+aZ

so any linear combination of the X; is Gaussian. This does not require that the X; are independent,
just that their sum is always Gaussian.

Let X be Gaussian in R"™. Suppose that A is an m X n matrix, and b € R™. Then AX + b is also
Gaussian. Indeed, let u € R™, and let v = ATu. Then

u(AX +b)=uT"AX +u'b=0'X+u'b

Since X is Gaussian, vTX is also Gaussian. An additive constant preserves this property, so the entire
expression is Gaussian.

16.2 Expectation and variance

We define the mean of a Gaussian vector X as

E[X]
u=E[X]= : s = E[X]
E[X,]
We further define
V =Var(X) = E[(X — u)(X — w)T]
E [(Xl - #1)2] E[(X1 — )G — )] - E[(XG — p)(Xy — )]
E[(X; — :"‘2‘)(X1 = H1)] E[(X, - u2)?] e B[ - #2?(Xn )
E [0 — ) — )] E[( = )K= )] o E[(Xy — )]

Hence the components of V' are
Vij = COV(Xi,)(j)

In particular, V is a symmetric matrix, and

n n
E[u'X]=E [Z uiXi] =Y wp =ulu
i=1 i=1

and

n n
Var (u'X) = Var (Z uiXi) = > u; Cov(X;, X;)u; =u'Vu

i=1 i,j=1

Hence u'X ~ N(u'u, uTVu). Further, V is a non-negative definite matrix. Indeed, let u € R". Then
Var (u'X) = u™Vu. Since Var (u'X) > 0, we have u'Vu > 0.
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16.3 Moment generating function

We define the moment generating function of X by
m(2) = E [e¥'X]

where 1 € R". Then, we know that ATX ~ N(1Tu,ATVA). Hence m(1) is the moment generating
function of a normal random variable with the above mean and variance, applied to the parameter

6=1.
T
m(d) = exp(ﬂ,u + %)

Since the moment generating function uniquely characterises the distribution, it is clear that a Gaus-
sian vector is uniquely characterised by its mean vector 4 and variance matrix V. In this case, we
write X ~ N(w, V).

16.4 Constructing Gaussian vectors

Given a ¢ and a V matrix, we might like to create a Gaussian vector that has this mean and variance.
Let Z,, ..., Z, be alist of independent and identically distributed standard normal random variables.
Let Z =(Z,,...,Z,)7. Then Z is a Gaussian vector.

Proof. For any vector u € R", we have

n
uTZ = Z uiZl-
i=1
Because the Z; are independent, it is easy to take the moment generating function to get

E [exp(/l z": uizi>] =E ﬁ exp(Au;Z;)
i=1

i=1

= ][ Elexp(Au;2))]
i=1
= il[ eXP( (ALZLI)Z )

(%)
= exp| ——

So u'Z ~ N(0, |u|2), which is normal as required. O

Now, E [Z] = 0, and Var (Z) = I, the identity matrix. We then write Z ~ N(0, I). Now, letu € R", and
V be a non-negative definite matrix. We want to construct a Gaussian vector X such that its mean
is u and its expectation is V, by using Z. In the one-dimensional case, this is easy, since u is a single
value, and V contains only one element, o2. In this case therefore, Z ~ N(0,1) so u + 0Z ~ N(u, o2).
In the general case, since V is non-negative definite, we can write

V =UDU
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where U~! = UT, and D is a diagonal matrix with diagonal entries A; > 0. We define the square root
of the matrix V to be
o =UWDU

where \/E is the diagonal matrix with diagonal entries \/Z . Then clearly,
o2 = U/ DUUWDU = UWDYDU = UDU = V
Now, let X = u + 0Z. We now want to show that X ~ N(u, V).

Proof. X is certainly Gaussian, since it is generated by a linear multiple of the Gaussian vector Z,
with an added constant. By linearity,
E[X]=wu

and
Var (X) = E[(X — w)(X — u)7]
= E[(62)(02)']
E[oZZToT]
=oE[ZZT] 0T

= goTl

=00
=V

16.5 Density

We can calculate the density of such a Gaussian vector X ~ N(u, V). First, consider the case where
V is positive definite. Recall that in the one-dimensional case,

fx(x) = fz(2W];, x=u+oz
In general, since V is positive definite, o is invertible. So x = u+ozgivesz = o~} (x—u). Hence,

fx(x) = fz(2)J]

z4
n exp(—
-l—5

Nl....N

|deto™!|

2
- ().

(2m)n/2 2 ) fdetv
1 yAVA

- T )
(2m)ndetV 2

Now,
21z = (o7 (x — W) (e~ (x — w)
=(x - (e Do Hx—p
= (x —p)To™2(x — )
=(x—-wWV 1 (x—-pw
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Hence,

Fr(x) = TV x- y))

1
—_ exp(
J@r)rdet vV 2

In the case where V is just non-negative definite (so it could have some zero eigenvalues), we can
make an orthogonal change of basis, and assume that

v=(5 o) #=()

where U is an m X m positive definite matrix, where m < n, and where 1 € R™, v € R"~". For U,
we can then apply the result above. We can write

()

_G-DU - /1))

1
e exp(
V@r)ndetU 2

where Y has density

fr() =

16.6 Diagonal variance

Note that if a Gaussian vector X = (Xj, ..., X},) is comprised of independent normal random variables,
then V is a diagonal matrix. Indeed, since the X; are independent then Cov (Xi,Xj) =0foralli # j,
so V is diagonal.

Lemma. If V is diagonal, then the X; are independent.

Note that zero covariance does not in general imply independence, as we saw earlier in the course,
but in this specific case with Gaussian variables, this is true.

Proof. Since V is diagonal with diagonal entries 4;, we have

n )2
=@Vl x—pw =), i — ) .”{‘)

i=1 Al
Hence,
1 o (3 — u)?
fx(0) = exp| - 3 T FL
\JQmndetV g{ 22
So fx factorises into a product. Hence the X; are independent. O

We can construct an alternative proof using moment generating functions.

Proof.
m(6) = E [°'X]

T
= exp(@T,u + 6 VG)

n 1 n
= eXP(Z Oip; + 3 Z 9%%)
i=1 i=1
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Hence m(6) factorises into the moment generating functions of Gaussian random variablesin R. [J

In summary, for Gaussian vectors, we have (X, ..., X,,) independent ifand only if V is diagonal.

16.7 Bivariate Gaussian vectors

A bivariate Gaussian is a Gaussian vector of two variables (n = 2). Let X = (X, X;). Let y, = E[X;]
and o} = Var (Xy). We further define the correlation

Cov(X;,X5)
4/Var (X;) Var (X,)

p = Corr (X,,X,) =

Note that due to the Cauchy-Schwarz inequality, we have p € [—1,1]. We can write the variance
matrix as
V= ( ot P<712<72>
00102 O3

Uy

This matrix V is non-negative definite. Indeed, let u = ( ), then

Up
uVu = (1 - p)(ofui + 0313) + p(oyu; + 0yu,)°
= (1 + p)(oiuf + o3u3) — p(oyuy — Oyu,)>

Since p € [—1, 1], this is non-negative for all choices of p.

16.8 Density of bivariate Gaussian

When p = 0 and oy, 0, > 0, we have

2 —_ 2
i=1

)
\/27a} 20

So X; and X, are independent in this case.

16.9 Conditional expectation
Let (X;, X,) be a bivariate Gaussian vector. Then let a € R, and consider X, — aX;. We have

Cov (X, — aXy,X;) = Cov(X,,X;) —aCov(X;,X;) = Cov(X5,X;) — aVar (X;) = poy,0, — ac?
Now, let a = 222, 50 Cov (X, — aX;,X;) = 0. Since Y = X, — aX; is Gaussian, (X;,Y) is a Gaussian
vector, and so UYI and X; are independent. Now, we can find

E[X; | X1] =E[Y +aX; | Xi]
=E[Y]+aE[X; | X]
= IE[X2 - aXl] + aXl
In particular, since X, = (X, — aX;) + aX;, we can say that given X,
Xy ~ N(ua — auy + aXy, Var (X, — aXy))
and

Var (X, — aX;) = Var (X;) + a? Var (X;) — 2a Cov (X7, X5)
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16.10 Multivariate central limit theorem

This subsection is non-examinable, but included for completeness. Let X be a random vector in R
with 4 = E[X] and covariance matrix 2. Let X;,X,, ... be independent and identically distributed
with the same distribution as X. Then

1 < d
Sy =—=),X;—E[X;] > N, X)
22

Convergence in distribution here means that for all reasonable B C R¥, we have

P(S, € B) » P(N(&X) € B)

17 Simulation of random variables

17.1 Sampling from uniform distribution
It is easy for a computer to generate a random number in the interval [0, 1).

We can use this as a source of randomness to simulate a random variable with an arbitrary density.
Let U ~ U[0,1], then let X = —log U. Then

PX<x)=PlogU<x)=PU2>2e*)=1—¢"*

So X is exponentially distributed with parameter 1. More generally, we have the following.

Theorem. Let X be a continuous random variable with distribution function F. Then, if
U ~ U[0,1], then F~Y(U) ~ F.

Proof. SetY = F~}(U). Then

P(Y <x)=P(F(U)<x)
=P (U < F(x))
= F(x)
O

One way of thinking of this function F~! function is that it takes an input probability p, and outputs
the x value such that P (X < x) = p. Then, if U is uniformly distributed, we are essentially sampling
arandom p.

17.2 Rejection sampling

In certain cases, finding such an F~! function is difficult, if not impossible, especially where this
function has jumps or has a higher dimension. Here is an alternative sampling method. Suppose
A c [0,1]¢. We then define
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where |A] is the size or volume of this set A. Let X have density function f. How can we simulate X?
Let (U,,) be an independent and identically distributed sequence of d-dimensional uniform random
variables, i.e.

Up=Upn: ke{l,....,d); (Ugn) ~U[0,1]1iid.

Now, let
N=min{n >1: U, € A}

So we keep generating random numbers until a U, lies in A, and reject all other possibilities. We now
show that Uy ~ f. In particular, we want to show that for all B C [0, 114,

P(U, € B) = ff(x)dx
B
We have

(o]
P(U, €B)= ), P(Uy € B,N =n)
n=1

[
Ms

P(U, €ANB,U,_, £ A,...,U, & A)

S
Il
—

I
Ms

P(U, € ANB)P (U1 € A) - P(U; & A)

S
1l
—

I
Ms

AN BI(1 - A

51

N B|

_ [ Ux€B)
__[4—|A| dx

= fB F(x)dx

Now suppose that f is a density on [0,1]¢~! which is bounded by 1 > 0. We can use rejection
sampling to sample a random variable X with this density. Consider the set

J(xs-. ’xd—l)}
A

>

A= {(xl, o Xg) €10,1]4: x4 <

From the above, we can generate a uniform random variable Y = (Xj,...,Xy3) on A. Let X =
(X1, ..., X4_1), then we will show that X ~ f. In particular, we want to show that for all B C
[0’ l]d_l,

P(X eB)= ff(x)dx
B

77



We find that

P(X €B)=P((X,,....X;_,) € B)
=P ((Xy,....Xy) € (BX[0,1]) N A)
_(Bx[0,1]) n A
B |A]

[((Bx[0,1]) NA]| =f---f1((Xl,...,Xd)e(Bx[o,l])nA)dxl...dxd
=f...f1((X1,...,Xd_1)eB)-l(xd < M)dxl...dxd
=f...f1((X1,...,Xd_1)eB)-del...dxd_l

= %f"‘/l((xl""’xd—l) [ B) 'f(xl’-" ’xd—l)dxl '~-dxd_1

1
= Ifo(x)dx

1
al=1 f OO dx
[0,1]11—1
_ 1

A
.'.IP’(XGB):/f(x)dx
B
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