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1 Complex numbers

1.1 Definition and basic theorems

We construct the complex numbers from R by adding an element i such that i> = —1. By definition,
any complex number z € C = x + iy where x,y € R. We use the notation x = Rezand y = Imz to
query the components of a complex number. The complex numbers contains the set of real numbers,
due to the fact that x = x + i0. We define the operations of addition and multiplication in familiar
ways, which lets us state that C is a field.

We also define the complex conjugate z as negating the imaginary part of z. Trivially we can see facts

suchas(z)=z;z+w=z+wandzw =z - W.

The Fundamental Theorem of Algebra states that a polynomial of degree n can be written as a product
of n linear factors:

Cpz + ezt + ez’ =cp(z—ay))(z—ay) - (z—a,) (Wherec;,a; € C)
We can reformulate this statement as follows: a polynomial of degree n has n solutions «;, counting
repeats. This theorem is not proved in this course.
The modulus of complex numbers z,, z, satisfies:
« (composition) |z,z,| = |z1]|z,|, and
« (triangle inequality) |z; + z,| < |z1] + | 25|

Proof. The composition property is trivial. To prove the triangle inequality, we square both sides and
compare.

LHS = |z, + 2,/
= (z1 + 22)(z; + 22)
2 — — 2
= |z1]" + Z123 + 212, + |23

2 2
RHS = |z;]” + 2|z;]|2z5] + |2,]

Note that
2125 + 2123 < 2|z4||2,]
= 3 (Fz+5z) < allzl
< Re(z12;) < |21z,
which is true. O

We can alternatively use the map z, — z, — z; to write the triangle inequality as

|z3 = z1| > |z5] = |z
or |z; — z1| 2 |z1] = |z,]

Lz2 =z 2 22| = |zl



De Moivre’s Theorem states that
(cos@+isin0)* =cosnb +isinnd (Vn € 2)
We can prove this using induction for n > 0. To show the negative case, simply use the positive result
and raise it to the power of —1.
1.2 Complex valued functions

For z € C, we can define:

— 1 iz —iz
cosz = 5 (% + e72)
sinz = = (e —e7i%)
2
Bydefininglog z = w s.t. e = z, we have a complex logarithm function. By expanding the definition,

we get thatlogz = logr+i@ wherer = |z| and 6 = arg z. Note that because the argument of a complex
number is multi-valued, so is the logarithm.

We can define exponentiation in the general case by defining z* = e*'°2Z, Depending on the choice
of o, we have three cases:

+ If a = p € Z then the result of z? is unambiguous because

ZP = ePlogz — ep(logr+i6+27rin)

which has a factor of e?7P"* which is 1.
« For a similar reason, a rational exponent has finitely many values.
 But in the general case, there are infinitely many values.

We can calculate results such as the square root of a complex number, which have two results as you
might expect.

Note. We can’t use facts like z%z# = z%*# in the complex case because the left and right hand sides
both have infinite sets of answers, which may not be the same.

1.3 Transformations and primitives

We can represent a line passing through x, € C parallel to w € C using the formula:
z=zg+iw (AER)

We can eliminate the dependency on 4 by computing the conjugate of both sides:

wz —w
We can also write the equation for a circle with centre ¢ € C and radius p € R:

z=c+ pel®



or equivalently:
|z —c| = |pe'| = p
or by squaring both sides:
lz]> —cz—Cz = p* — ||

2 Vectors in three dimensions

We use the normal Euclidean notions of points, lines, planes, length, angles and so on. By choosing
an (arbitrary) origin point O, we may write positions as position vectors with respect to that origin
point.

2.1 Vector addition and scalar multiplication

We define vector addition using the shape of a parallelogram with points 0,a,a + b,b. We define

scalar multiplication of a vector using the line OA and setting the length to be multiplied by the
constant. Note that this vector space is an abelian group under addition.

Definition. a and b are defined to be parallel if and only if a = Ab or b = Aa for some
A € R. This is denoted a || b. Note that the vectors may be zero, in particular the zero vector
is parallel to all vectors.

Definition. The span of a set of vectors is defined as spanf{a, b, ---,c} = {aa+ b+ --- + yc :
a,B,y € R}. This is the line/plane/volume etc. containing the vectors. The span has an
amount of dimensions at most equal to the amount of vectors in the input set. For example,
the span of a set of two vectors may be a point, line or plane containing the vectors.

2.2 Scalar product

Definition. Given two vectors a, b, let 6 be the angle between the two vectors. Then, we
define
a-b=|a||/b|cosb

Note that if either of the vectors is zero, 6 is undefined. However, the dot product is zero
anyway here, so this is irrelevant.

Definition. Two vectors a and b are defined to be parallel (or orthogonal) if and only if
a-b = 0. Thisis denoted a L b. This is true in two cases:

(i) cosf=0 < 6= % mod 7, or

(ii) a=0o0rb=0.
Therefore, the zero vector is perpendicular to all vectors.



Definition. We can decompose a vector b into components relative to a:

where b, is the component of b parallel to a, and b, is the component of b perpendicular to
a. In particular, we have that
a-b=a-. b“

2.3 Vector product

Definition. Given two vectors a, b, let 6 be the angle between the two vectors measured with
respect to an arbitrary normal h. Then, we define

aAb=axb=|a|/bhsinb

Note that by swapping the sign of h, 6 changes to 277 — 6, leaving the result unchanged. There
are two degenerate cases:
+ 0 is undefined if a or b is the zero vector, but the result is zero anyway because we
multiply by the magnitudes of both vectors.
» hisundefined ifa || b, but here sin 6 = 0 so the result is zero anyway.

We can provide several useful interpretations of the cross product:

« The magnitude of ax b is the vector area of the parallelogram defined by the points 0,a,a+b, b.

« By fixing a vector a, we can consider the plane perpendicular to it. If x is another vector in the
plane, x — a X x rotates x by g in the plane, scaling it by the magnitude of a.

Note that by resolving a vector b perpendicular to another vector a, we have that
axb=axb;

A final useful property of the cross product is that since the result is perpendicular to both input
vectors, we have
a-(axb)=b-(axb)=0

2.4 Basis vectors

To represent vectors as some collection of numbers, we can choose some basis vectors e, e,, e; which
are ‘orthonormal’, i.e. they are unit vectors and pairwise orthogonal. Note that

{1 ifi = j

e -e; =
b 0 otherwise

The set {e;, e,, e;} is called a basis because any vector can be written uniquely as a linear combination
of the basis vectors. Because we have orthonormal basis vectors, we can reduce this to

azZaiei = a; =¢;-a
i



By representing a vector as a linear combination of basis vectors, it is very easy to evaluate the scalar
product algebraically. To calculate the vector product, we first need to define whether e; X e, = e;
or —e;z. By convention, we assume that the basis vectors are right-handed, i.e. ; X e, = e;. Then we
can calculate the formula for the cross product in terms of the vectors’ components.

2.5 Scalar triple product
The scalar triple product is the scalar product of one vector with the cross product of two more.
a-(bxc)=b-(cxa)=c-(axb)=]a,b,c]

The result of the scalar triple product is the signed volume of the parallelepiped starting at the origin
with axes a, b, c. We can represent this triple product as the determinant of a matrix:

a a; a;
a(bXC)= bl b2 b3
¢ € GC3

If the scalar triple product is greater than zero, then a, b, c is called a right handed set. If it is equal
to zero, then the vectors are all coplanar: ¢ € span{a, b}.

2.6 Vector triple product

The vector triple product is the cross product of three vectors. Note that this is non-associative. The
proof is covered in the subsequent lecture.

ax(bxc)=(a-c)b—(a-b)c
(axb)xc=(a-c)b—(b-c)a

2.7 Lines
A line through a parallel to u is defined by
r=a+Aiu

where 4 is some real parameter. We can eliminate lambda by using the cross product with u. This
will allow us to get a u X u term which will cancel to zero.

uxXxr=uxa

Informally, this is saying that r and a have the same components perpendicular to u. Note that we
can also reverse this process. Consider the equation

uxr=c
By using the dot product with u we can say
u-(uxr)=u-c

If u - ¢ # 0 then the equation is inconsistent. Otherwise, we can suppose that maybe r = u X ¢ and

use the formula for the vector product to get the left hand side tobeu X (u X c) = —|u|2c. Therefore,

by inspection, a = —ﬁ(u X ¢) is a solution. Now, note that we can add any multiple of u to a and it
u

remains a solution. So the general solutionisr = a + Au.



2.8 Planes

The general point on a plane that passes through a and has directions u and v is
r=a+Au+uv

where u and v are not parallel, and 1 and u are real parameters. We can do a dot product with
n = (u X v) to eliminate both parameters.

n-r=x

where x = n - a. Note that |x|/|n| is the perpendicular distance from the origin to the plane.

2.9 Other vector equations
The equation of a sphere is given by a quadratic vector equation in r.
rY+r-a=k

We can complete the square to give

2

1 1,
(r+§a) —Za +k

which is clearly a sphere with centre —ia and radius (ia2 + k)l/z.
Another example of a vector equation is
r+ax(bxr)=c 1)
where a, b, ¢ are fixed. We can dot with a to eliminate the second term:
a-r=a-c 2)

Note that using the dot product loses information—this is simply a tool to make deductions; (2) does
not contain the full information of (1). Combining (1) and (2), and using the formula for the vector
triple product, we get

r+(a-r)b—(a-br=c 3)
= r+(a-cb—(a-b)r=c

This eliminates the dependency on r inside the dot product. Now, we can factorise, leaving
(1—-a-b)r=c—(a-c)b 4)

If1 —a-b # 0then r has a single solution, a point. Otherwise, the right hand side must also be
zero (otherwise the equation is inconsistent). Therefore, c — (a - ¢)b = 0. We can now combine this
expression for ¢ into (3), eliminating the (1 — a - b) term, to get

(a-r—a-c)b=0

This shows us that (given that b is nonzero) the solutions to the equation are given by (2), which is
the equation of a plane.



3 Index notation and the summation convention

3.1 Kronecker § and Levi-Civita ¢

5 _[1 ifi=]
Ylo ifi#

Then e;e; = §;;. We can also use § to rewrite indices: Zi §;ja; = a;j. So
a-b= (Z aiei) . (ije])
i Jj
= Zaibj(ei . eJ)
ij
=2 by
ij

= z aibi
i

The Kronecker § is defined by

The Levi-Civita ¢ is defined by

+1 ifijkis an even permutation of [1, 2, 3]
€ijk =4—1 ifijkisanodd permutation of [1,2, 3]
0 otherwise

Then
€123 = &x31 = €312 = +1
€132 = €321 = &p13 = —1

and all other permutations of [1, 2, 3] yield 0. This shows that ¢ is totally antisymmetric; exchanging
any pair of indices changes the sign. We now have:

e; X €= Zaijkek
k
And:
axb= (Z aiei) X (ijej)
i J
axb= Zaibj(ei Xej)
ij
axb= Z a,-bjsijkek
ijk
So the individual terms of the cross product can be written

(El X b)k = Z aibjsijk
ij

We use the ‘summation convention’ to abbreviate the many summation symbols used throughout
linear algebra.

10



(i) An index which occurs exactly once in some term, called a ‘free’ index, must appear once in
every term in that equation.

(i) Anindexwhich occurs exactly twice in a given term, called a ‘repeated’, ‘contracted’, or ‘dummy’
index, is implicitly summed over.

(iii) No index can occur more than twice in a given term.

3.2 Identities

The most general e¢ identity is as follows:

€ijkEpar = OipQjqOkr — 0jpdigOkr
+6pOiqSir — SkpdjqOir

+ 81p8iq8jr — BipOiaBir

This is, however, very verbose and not used often throughout the course. It is provable by noting the
total antisymmetry in i, j, k and p, g, r on both sides of the equation implies that both sides agree up
to a constant factor. We can check that this factor is 1 by substituting in values such asi = p = 1,
j=q=2andk=r=3.

The next most generic form is a very useful identity.
€ijkEpqk = OipSjq ~ OigSjp

This is essentially the first line of the above identity, noting that k = r. We can prove this is true by
observing the antisymmetry, and that both sides vanish under i = j or p = q. So it suffices to check
twocases:i=p,j=qandi=gq,j=p.

We can now continue making more indices equal to each other to get even more specific identit-
ies:

ijkEpjk = 20ip
This is easy to prove by noting that §;; = >, j §;;j = 3, and using the & rewrite rule.
Finally, we have

EijkEijk = 6

No indices are free here, so the values of i, j, k themselves are predetermined by the fact that we are
in three-dimensional space.

Using the summation convention (as will now be implied for the remainder of the course), we can
prove the vector triple product identity

[ax (bXc)];, =¢jraj(b X c)

= €ijk@jEpqkBpCq

= € jkEpqk@;bpCy

= (6ipdjqabpcy — (6i¢8jp)ajbye,
=(a-c)b; —(a-b)c;

11



4 Higher dimensional vectors

4.1 Multidimensional real space
We define multidimensional real space as follows:
R" = {x = (x1,%3,-+,%,) : X; € R}

We can define addition and scalar multiplication by mapping these operations over each term in the
tuple. Therefore, we have a notion of linear combinations of vectors and hence a concept of parallel
vectors. We can say, like before in R3, that x || y if and only if x = dy ory = Ax.

We define an operator analogous to the scalar product in R3. The inner product is defined as x - y =
X;y;. Directly from this definition, we can deduce some properties:

o (symmetric)x-y=y-x
o (bilinear) Ax+ Ax") y=Ax-y+ A% -y
+ (positive definite) x - x > 0, and the equality holds if and only if x = 0.

We can define the norm of a vector (similar to the concept of length in three-dimension space), de-
noted |x|, by |x|2 = x - X. We can now define orthogonality as follows: x L y <= x-y=0.

We define the standard basis vectors e, e,, ... , e, by setting each element of the tuple e; to zero apart
from the ith element, which is set to one. Also, we redefine the Kronecker § to be valid in higher-
dimensional space. Note that under this definition, the standard basis vectors are orthonormal be-
causee; - €; = §;;.

4.2 Cauchy-Schwarz inequality

Proposition. For vectors X,y in R”, |x - y| < |x|[y|, where the equality is true if and only if
x|y

Proof. Ify = 0, then the result is immediate. So suppose thaty # 0, then for some 4 € R, we have
2
Ix -2yl = (x—2y) - (x— 1y)
= x° —22x -y + 2ly]* > 0

As this is a positive real quadratic in A that is always greater than zero, it has at most one real root.
Therefore the discriminant is less than or equal to zero.

2,2
(=2x-y)* —4ix|’ly|" <0 = [x-y| < [xlly|

where the equality only holds if x and y are parallel (i.e. when x — 1y equals zero for some 4). O

4.3 Triangle inequality
Following from the Cauchy-Schwarz inequality,
I+ y1” = [x* + 20x - ) + Iyl’
< [xI” + 21x]ly| + Iyl’
= (x| +IyD)’

12



where the equality holds under the same conditions as above.

4.4 Levi-Civita ¢ in higher dimensions

Note that the Levi-Civita ¢ has three indices in R3. We can extend this ¢ to higher and lower dimen-
sions by increasing or reducing the amount of indices. It does not make logical sense to use the same ¢
without changing the amount of indices to define, for example, a vector product in four-dimensional
space, since we would have unused indices. The expression (x X y)i = ¢;ja;b; works because there
is one free index, k, on the right hand side, so we can use this to calculate the values of each element
of the result.

We can, however, use this € to extend the notion of a scalar triple product to other dimensions, for
example two-dimensional space, with [a, b] := ¢;;a;b;. This is the signed area of the parallelogram
spanning a and b.

4.5 General real vector spaces

Vector spaces are not studied axiomatically in this course, but the axioms are given here for com-
pleteness. A real (as in, R) vector space V is a set of objects with two operators + : V X V — V and
- R XV — V such that

+ (V,+)is an abelian group

e Av+w)=Av+lw

s A+uwv=Av+uv

« Auv) = (Au)v

» 1v = v (to exclude trivial cases for example Av = 0 for all v)

A subspace of a real vector space V' is a subset U C V that is a vector space. Equivalently, if all pairs
of vectors v,w € U satisfy Av + uw € U, then U is a subspace of V. Note that the span generated
from a set of vectors is a subspace, as it is characterised by this equivalent definition. Also, note
that the origin must be part of any subspace, because multiplying a vector by zero must yield the
origin.

In some real vector space V, let v;, Vv, --- v, be vectors in V. Now consider the linear relation
A’lvl + Asz + .- +/‘1rVr = 0

Then we call the set of vectors a linearly independent set if the only solution is where all A values are
zero. Otherwise, it is a linearly dependent set.

4.6 Inner product spaces

An inner product is an extra structure that we can have on a real vector space V, which is often
denoted by angle brackets or parentheses. It can also be characterised by axioms (specifically the
ones in Section 6.2). Features like the norm of a vector, and theorems like the Cauchy-Schwarz
inequality, follow from these axioms.

For example, let us consider the vector space

V={f :[0,1] » R : f smooth; f(0) = f(1) = 0}

13



We can define the inner product to be

1
fog={frg)= f Fg(x) dx
0]

Then by the Cauchy-Schwarz inequality, we have

IF 2l < IF1- gl

1 1
< \1 fo Foop2 dx\j fo g(x)? dx

Lemma. In any real inner product space V, if v; --- v, # 0 are orthogonal, they are linearly
independent.

1
f FOg0) dx
0

Proof. If 3. a;v; = 0, then

<Vj,Z C(l'Vl'> =0
i
And because each vector that is not v jis orthogonal to it, those terms cancel, leaving

. <VJ,CXJVJ> =0
% (Vjsvj) =0

CXJZO

So they are linearly independent. O

4.7 Bases and dimensions
In a vector space V, a basis is a set B = {e; --- e,,} such that
« Bspans V; and

+ Bislinearly independent, which implies that the coefficients on these basis vectors are unique
for any vector in V, since it is impossible to write one vector in terms of the others

Theorem. If{e, ---e,} and {f; --- f,,,} are bases for a real vector space V, then n = m, which
we call the dimension of V.

Proof. This proof is non-examinable (without prompts). We can write each basis vector in terms of
the others, since they all span the same vector space. Thus:

f, = ZAaiei; € = ZBiafa
i a

14



Note that indices i, j span from 1 to n, while a, b span from 1 to m. We can substitute one expression
into the other, forming:

£, = Z;’Aai (Zb: Bibfb>
f,=) (Z’ Aal-Bib) f,

b

Note that we have now written f, as a linear combination of f;, for all valid b. But since they are
linearly independent, the coefficient of f;, must be zero if a # b, and one of a = b. Therefore, we
have

Sap = ZAaiBib
i
We can make a similar statement about e;:

8ij = ZBiaAaj = ZAajBia
a a

Now, assigning a = b and i = j, summing over both, and substituting into our two previous expres-
sions for §, we have:

ZAaiBia = Z 8aa = z Sii
ia a i
=m =n
O

Note that {0} is a trivial subspace of all vector spaces, and it has dimension zero since it requires a
linear combination of no vectors.

Proposition. Let V be a vector space with finite subsets Y = {wy, ---, w,,,} that spans V, and
X = {u,, ---,u;} that is linearly independent. Let n = dim V. Then:
(i) A basis can be found as a subset of Y by discarding vectors in Y as necessary, and that
n<m.
(i) X can be extended to a basis by adding in additional vectors from Y as necessary, and
that k < n.

Proof. This proof is non-examinable (without prompts).

(i) If Y is linearly independent, then Y is a basis and m = n. Otherwise, Y is not linearly inde-
pendent. So there exists some linear relation

m
Z /liWi =0
i=1

where there is some i such that A; # 0. Without loss of generality (because the order of elements
in Y does not matter) we will reorder Y such that w,, # 0. So we have

m-1
1
Z Aw;
i=1

m

Wy, =

|
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So spanY = span(Y \ {w,,}). We can repeat this process of eliminating vectors from Y until
linear independence is achieved. We know that this process will end because Y is a finite set.
Clearly, in this case, n < m. So for all cases, n < m.

(ii) If X spans V, then X is a basis and k = n. Else, there exists some u;,; € V that is not in the
span of X. Then, we will construct an arbitrary linear relation

k+1
D My =0
i=1

Note that this implies that u;,; = 0 because it is not in the span of X, and that y; = 0 for all
i < k because the original X was linearly independent. So we know that all the coefficients are
zero, and therefore X U {u,} is linearly independent.

Note that we can always choose this u;.,; to be an element of Y because we just need to ensure
that u;,; & spanX. Suppose we cannot choose such a vector in Y. Then Y C spanX —
spanY C spanX =— spanX = V, which is clearly false because X does not span V. This
is a contradiction, so we can always choose such a vector from Y. We can repeat this process
of taking vectors from Y and adding them to X until we have a basis. This process will always
terminate in a finite amount of steps because we are taking new vectors from a finite set Y.
Therefore k < n, as we are adding vectors (increasing k) until k = n.

O

It is perfectly possible to have a vector space that has infinite dimensionality. However, they will
be rarely touched upon in this course apart from specific examples, like the following example. Let
V ={f : [0,1] » R : fsmooth, f(0) = f(1) = 0}. Then let S,(x) = \/Esin(nﬂx) where n is a
natural number 1,2, ---. Clearly, S,, € V for all n. The inner product of two of these S functions is
given by

1
(SpsSp) =2 / sin(nzx) sin(mzx) dx
0
= 5mn

So S,, are orthonormal and therefore linearly independent. So we can continue adding more vec-
tors until it becomes a basis. However, the set of all S, is already infinite—so V must have infinite
dimensionality.

4.8 Multidimensional complex space

We define C" by
Cch .= {Z = (ZI’ZZ’ ,Zn) . Vi,Zi S G:}

We define addition and scalar multiplication in obvious ways. Note that we have a choice over what
the scalars are allowed to be. If we only allow scalars that are real numbers, C" can be considered
a real vector space with bases (0, ---,1,---,0) and (0, ---, i, ---,0) and dimension 2n. Alternatively, if
we let the scalars be any complex numbers, we don’t need to have imaginary bases, thus giving us a
complex vector space with bases (0, ---, 1, ---, 0) and dimension n. We can say that C" has dimension
2n over R, and dimension n over C. From here on, unless stated otherwise, we treat C" to be a
complex vector space.
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We can define the inner product by

<Z’ W> = Z Z_]w]
J
The conjugate over the z terms ensures that the inner product is positive definite. It has these prop-
erties, analogous to the properties of the inner product in the real vector space R":
« (Hermitian) (z, w) = (w, z)
« (linear/antilinear) (z, Aw + AwW') = A(z,w) + 1 (z,w') and (Az + 1z’ ,w) = Z(z, w) + f{z’,w)

« (positive definite) (z,z) = ), i |zj|2 which is real and greater than or equal to zero, where the
equality holds if and only if z = 0.

We can also define the norm of z to satisfy |z| > 0 and |z|2 = (z,z). Note that the standard basis for
C" is orthonormal, since the inner product of any two basis vectors e; and ey is given by & ;.

Here is an example of the use of the complex inner product on C! = C. Note first that (z, w) = zw.
Let z = a; + ia, and w = b, + ib, where a;, a,, b;,b, € R. Then

(z,w) = zw
= (a1by + ayby) +i(a;b, — ayby)
=(z -w)+i[z,w]

We can therefore use the inner product to compute two different scalar products at the same time.

5 Linear maps

5.1 Introduction

A linear map (or linear transformation) is some operation 7' : V — W between vector spaces V and
W preserving the core vector space structure (specifically, the linearity). It is defined such that

T (Ax + py) = AT(x) + uT(y)

for all X,y € V where the scalars 4 and u match up with the scalar field that V and W use (so this
could be R or C in our examples). Much of the language used for linear maps between vector spaces
is analogous to the language used for homomorphisms between groups.

Note that a linear map is completely determined by its action on a basis {e;, -+, e,,} where n = dim V,

since
T (Z xiel-) = Z x;T(e;)
i i
We denote X' = T(x) € W, and define x’ as the image of x under T. Further, we define
Im(T) ={x' € W : x' = T(x) for some x € V}
to be the image of T, and we define
ker(T) ={x eV : T(x) = 0}

to be the kernel of T.
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Lemma. ker T is a subspace of V, and Im T is a subspace of W.

Proof. To verify that some subset is a subspace, it suffices to check that it is non-empty, and that it is
closed under linear combinations.

ker T is non-empty because 0 € ker T. For X,y € ker T, we have T(Ax + uy) = AT(x) + uT(y) =0 €
ker T as required.

Im T is non-empty because 0 € ImT. Forx,y € V, letx’ = T(x) andy’ = T(y), therefore x',y’ €
Im T. Now, Ax' + uy’ = T(Ax + uy) so it is closed under linear combinations as required. O
Here are some examples of images and kernels.

(i) The zero linear map x ~ 0 has:

ImT = {0}

kerT =V
(ii) The identity linear map x — x has:

ImT=V

ker T = {0}

(iii) Let T : B3 — R3, such that

X5 =2% +X,+3x+3

el e
b+

We define the rank of a linear map to be the dimension of its image, and the nullity of a linear map
to be the dimension of its kernel.

This map has

5.2 Rank and nullity

rank T =dimIm7T; nullT =dimkerT

Note that therefore for T : V — W, we haverank T < dim W and ker T < dim V.
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Theorem. For some linearmap T : V — W,

rank T + nullT = dim V

Proof. This proof is non-examinable (without prompts). Let e, --- , €, be a basis for ker T, so T(e;) =
0 for all valid i. We may extend this basis by adding more vectors e; where k < i < n until we have a
basis for V, where n = dim V. We claim that the set B = {T(ey.,), ---, T(e,)}is abasis for Im T. If this
istrue, then clearly the result follows because k = dimker T = nullTandn—k = dimIm T = rank T.

To prove the claim we need to show that B spans Im T and that it is a linearly independent set.

n

« B spans Im T because forany x = 7.,

x;e;, we have

T(x) = Z x;T(e;) € span B

i=k+1

+ B islinearly independent. Consider a general linear combination of basis vectors:

i /liT(ei)=0 - T( i Aiei)=0

i=k+1 i=k+1
SO
n
Z Alie;ekerT
i=k+1

Because this is in the kernel, it may be written in terms of the basis vectors of the kernel. So,
we have

n k
Z Aie; = leiei
i=k+1 i=1

This is a linear relation in terms of all basis vectors of V. So all coefficients are zero.

5.3 Rotations

Linear maps are often used to describe geometrical transformations, such as rotations, reflections,
projections, dilations and shears. A convenient way to express these maps is by describing where the
basis vectors are mapped to. In R?, we may describe a rotation anticlockwise around the origin by
angle 6 with

e, — cosfe; + sin fe,
e, —» —sinfe; + cosfe,

In R3 we can construct a similar transformation for a rotation around the e; axis with

e, — cosfe; + sin fe,
e, — —sin fe; + cos Oe,

€; = €3
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We can extend this to a general rotation in R3 about an axis given by a unit normal vector f. For any
vector X € R3 we can resolve parallel and perpendicular to f as follows.

X=X +X;; x=x-f)f; x, =x—(x-H)h

Note that fi resembles the e; axis here, and x; resembles the e; axis. So we can compute the equival-
ent of e, using the cross product, fi X x;, = fi X x. Now we may define the map with

X =X

x, — (cosO)x; + (sinO)(A X x)
So all together, we have

x > (cos B)x + (1 — cos )(f - x)f + (sin O)(A X x)

5.4 Reflections and projections

For a plane with normal i, we define a projection to be

XJ_ HXJ_

XX, =x—(x-A)A
and a reflection to be

X = =X
XJ_ '_)XJ_

XX —X =Xx—2(x-h)h

The same expressions also apply in R?, where we replace the plane with a line.

5.5 Dilations

Given scale factors a, 3,y > 0, we define a dilation along the axes by
e, — ae;
e, — e,
€3 = yes

5.6 Shears

Let a, b be orthogonal unit vectorsin R3, i.e. |a] = [b| = 0 and a-b = 0, and we define a real parameter
A. A shear is defined as

x> X =x+la(x-b)
ama
b—b+a

This definition holds equivalently in R2.
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5.7 Matrices

Consider alinear map T :

R" — R™, with standard bases {e;} € R", {f,}, € R™, and with T(x) = X'.
Let further

X1

’

x x

x=y xe =[] x =) xf,=]"7?
- :

xn

Linearity implies that T is fixed by specifying

T(ei) = e; = Ci e R™

We take these C as columns of an m X n array or matrix M, with rows denoted as R, € R"

T T «— R1 -
C, - C, =M= :
l l «~ R, -
M has entries M,; € R, where a labels rows and i labels columns, so

(Ci)a =My = (Ry);

The action of T is then given by the matrix M multiplying the vector x in the following way:

x' = Mx
defined by
Xgq = Mg;x;
or explicitly:
X My My - M\ (% Myyx, + Mypxy + -+ + Mypx,
!
X2 | _ My My o My, || X2 My, + My xp + -+ + My, X,
x;o1 Mml Mm2 an Xn

Mmlxl +Mm2x2 + --- +anxn

To check that the matrix multiplication above gives the action of T, we can plug in a generic value x,
and we get

xX =T (Z x,-ei> = Z x;T(e;) = Z x;C;
i i i
and by taking component a of the vector, we have
Xq = Z xi(Cp)g = Z XiMa;
i i
as required. Note also that

Xq = Mgix; = (Rg);x; = Ry - X

We can now regard the properties of T as properties of M (suitably interpreted). For example
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o Im(T) = Im(M) = span{Cy, ---, C,}. In words, the image of a matrix is the span of its columns.

« ker(T) = ker(M) = {x : Va,R, - x = 0}. In some sense, the kernel of M is the subspace
perpendicular to all of its rows.

Example. (i) The zero map R"” — R™ corresponds to the zero matrix
M = OWithMai =0
(ii) The identity map R" — R" corresponds to the identity (or unit) matrix
M = IWlthIl] = 511

(iii) The map R3 — R3 given by X' = T(x) = Mx with

gives

X1 3%; + X5 + 5x3
x5 | = —X; — 2X3
X5 2x1 + X5 + 33

In this case, we may read off the column vectors C, from the matrix. Note that since they form
a linearly dependent set, we have

Im(T) = Im(M) = span{C,, C;, C5} = span{C,, C,}
Here, R, XR5 = (2 -1 —1)T = uis actually perpendicular to all rows as they form a linearly
dependent set. So

ker(T) = ker(M) = {Au}

(iv) A rotation through 6 in R? is given by (building from the images of the basis vectors):
cosf@ —sinf
sin cosf
(v) A dilation x’ = Mx with scale factors a, 3,y along axes in R? is given by
0
0
14

(vi) A reflection in a plane perpendicular to a unit vector i is given by a matrix H that must have
the property that

S O
o™ O

X' = Hx=x-2(x—A)A

X; =Xj — 2xjnjni = HleJ
And by comparing coefficients of x;, and using § to rewrite x; using the j index, we have

Hij = 51] — 2ninj

22



1 1 .
For example, with A = e (1 1 1), thennmn; = : for all i, j, so

1 1 -2 =2
H = 3 -2 1 =2
-2 =2 1

(vii) A shear is defined by a matrix S such that
x =Sx=x+A(b-x)a
where a, b are unit vectors with a 1L b, and where A is a real scale factor. Therefore:
x; = x; + Abjxja; = S;;X;
5.8 = 6;j + Aa;b;

For example in R2 with a = ((1)) andb = <(1)) we have

()

(viii) A rotation matrix R in R with axis fi and angle 6 must satisfy

x' = Rx = (cos 0)x + (1 — cos 8)(A - x)i + (sin O)(A X x)
xlf = (COS Q)x,- + (1 — COos G)HJle’li - (Sin G)Eijk.x]'nk = RUX]

" Rjj = 6;(cos 6) — (1 — cos O)n;n; — (sin O)e; jicny

5.8 Matrix of a general linear map

Consider a linear map T : V — W between general real or complex vector spaces of dimension n, m
respectively. We will choose bases {e;} for V and {f,} for W. The matrix representing the linear map
T with respect to these bases is an m X n array with entries M,; € R or C as appropriate, defined
by
T(e;) = Z £, My
a

Then
X =TX) < x/, = ZMaixi = My;X;
i

where

X = inel-; x = Zxafa
i a

Note therefore that (in real vector spaces) given choices of bases {e;} and {f,}, V is identified with R,
in the sense that any vector has n real components, and that W is identified with R,,, analogously,
and that therefore T is identified with an m X n real matrix M. Note further that entries in column i
of M are components of T(e;) with respect to basis {f,}.
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5.9 Linear combinations

IfT : V> WandS : V - W, between real or complex vector spaces V, W of dimension n, m
respectively, are linear, then
alT +BS . V->W

is also a linear map, where
(aT + BS)(x) = aT(x) + fS(x)

for any x € V. So the set of linear maps is a vector space. If M and N are the m X N matrices for T, S
then aM + BN is the m X n matrix for the linear combination above, where

(aM + BN)gi + aMy; + BN, a=1,---,m; i=1,---,n

with respect to the same bases.

5.10 Matrix multiplication

If A is an m X n matrix with entries A,;, and B is an n X p matrix with entries B;,, then we define AB
to be an m X p matrix with entries

(AB)CI.}":AaiBir; a=1,--,m i=1,"',l’l; V=1"",p

The product is not defined unless the amount of columns of A matches the number of rows of
B.
Matrix multiplication corresponds to composition of linear maps. Consider linear maps:

S : RP - R"; S(x) = Bx, x € RP

T:R" - R" T(x)=Ax,x € R"

= ToS:RP - R™ (ToS)x)=(AB)x
since
[(AB)X]a = (AB)arX,

and
A(B(x)) = Aqi(Bx); = AgiBiy Xy = (AB)grxy

as required. The definition of matrix multiplication ensures that these answers agree. Of course, this
proof works for complex or general vector spaces.

Whenever the products are defined, then for any scalars A and u:
o (AM + uN)P = AMP + uNP
s P(AM + uN) = APM + uPN
« (MN)P = M(NP)
« IM = MI = M where [;; = §;;
We may view matrix multiplication in the following ways.

(i) Regarding a vector x € R" as a column vector (an n X 1 matrix), then the matrix-vector and
matrix-matrix multiplication rules agree.

24



(ii) Consider the product AB where A is an mXn matrix and B is an n X p, with columns C,(B) € R"
and columns C,(AB) € R™, where 1 < r < p. The columns are related by C,(AB) = AC,.(B).
Less formally, each column in the right matrix is acted on by the left matrix as if it were a vector,
then the resultant vectors are combined into the output matrix.

(iii) In terms of rows and columns,
AB=|< RyA) —|| CiB)

gives

(AB)ar = [Ra(A)]i [Cr(B)]i
= R,(A) - C,(B) for real matrices, where the - is the dot product in R"

5.11 Matrix inverses

If Ais an m X n then B, an n X m matrix, is a left inverse of A if BA = I (the n X n identity matrix). C
is a right inverse of A if AC = I (the m X m identity matrix). If m = n (A is square), then one of these
implies the other; there is no distinction between left and right inverses. We say that B = C = AL
the inverse of the matrix A, such that AA~! = A~1A = I. Not every matrix has an inverse. If such an
inverse exists, A is called invertible, or non-singular.

Considerx,x’ € R" or C", and M is an n x n matrix. If M~! exists, we can solve the equation X’ = Mx
for x, given X', because we can apply the matrix inverse on the left. For example, where n = 2, we

have
My, M12>
M=
(le M;,

and

!
X1 = My xq + Mypx,

!
Xy = My x1 + MyX,
We can solve these simultaneous equations to construct the general matrix inverse.

M, x1 — Mypx; = (detM)x,
—My;x7 + My x5 = (det M)x,

where detM = M;;M,, — M;,M,,, called the determinant of the matrix. Where the determinant is
nonzero, the matrix inverse

a1 M, —My,
detM \-M,; My

exists. Note that
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So the determinant gives the signed factor by which areas are scaled under the action of M. det M is
nonzero if and only if Me, and Me, are linearly independent, which is true if and only if the image
of M has dimension 2, i.e. M has maximal rank. For example, a shear

(s )

has determinant 1, so areas are preserved. In particular, in this case,

S1() = ((1) ‘f) = S(=A)

As another example, we know that a matrix R(6) for a rotation about a fixed axis fi through angle 6
has formula
R(G)IJR(_G)]k = (5lj cosf + (1 — COs G)ninj — &ijpp sin 6) X (5jk cos 6 + (1 — COos e)l’ljl’lk + €jkqMq sin 6)
Expanding out, noting that n;n; = 1 as i is a unit vector, and cancelling:

= & cos? 8 + 2cos (1 — cos O)nny + (1 — cos 6)* 1y — €;jpEjgMphq sin® 6
By using an ee identity:

= & cos? 6 + (1 — cos® O)n;ny + Snpny, sin® 6 — (sin® B)n;ny,

= 8k cos? 6 + Snpny sin” @

= 83, c08? 0 + 8y, sin® O

=0k

as required.

6 Transpose and Hermitian conjugate

6.1 Transpose
If M is an m X n (real or complex) matrix, the transpose MT is an n X m matrix defined by
(MT)jq = My,
which essentially exchanges rows and columns. Here are some key properties.
» (@A + BB)T = aAT + BT for a, 8 scalars, and A, B both m X n matrices.
» (AB)T = BTAT, where A ism X n and B is n X p. This is because
[(AB)"],q = (AB)gr
= AyBjr
= (AN;a(BNr;

= (BN)ri(ANia
= (BTAT)ra

« Ifxisa column vector (or an n X 1 matrix), X is the equivalent row vector (a 1 X n matrix).
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« The inner product in R” can therefore be written x - y = xTy. Note that this is not equivalent
to xyT, which is known as the outer product, which results in a matrix not a scalar.

« If M is n X n (square) then M is:

- symmetric iff MT = M, or M;; = Mj;

- antisymmetric iff MT = —M, or M;; = —M;
« Any M which is square can be written as a sum of a symmetric and and an antisymmetric part

M=S+A wheresS = %(M+MT); A= %(M—MT)

as S is symmetric and A is antisymmetric by construction.

« If Ais 3 X 3 and antisymmetric, then we can write

0 as —a,
Aij = Eijkak where A = —daj 0 a,
a -—-a O

Then, we have
(AX); = &jrarx; = (X X a);

6.2 Hermitian conjugate

Let M be an m X n matrix. Then the Hermitian conjugate (also known as the conjugate transpose)
MT is an n x m matrix defined by

(MT)ia = ]w_ai

If M is square, then M is Hermitian if and only if MT = M, or alternatively M;, = M;; M is anti-
Hermitian if MT = —M, or alternatively M;, = —M,;. Similarly to above, if z is a column vector in
C" (an n X 1 matrix), then the complex inner product is given by z - w = z'w.

6.3 Trace

For a complex n X n (square) matrix M, the trace of the matrix, denoted tr(M), is defined by
tr(M) = My; = Myy + My + -+ + My,

It has a number of key properties.
o tr(aM + BN) = atr M + S tr N where a and f are scalars, and M and N are n X n matrices.

o tr(MN) = tr(NM) where M is m X n and N is n X m. MN and NM need not have the same
dimension, but their traces are identical. We can check this as follows: trf(MN) = (MN),, =
MgiNig = NigMg; = (NM);; = tr(NM).

o tr(MT) = tr(M)

« tr(I) = §;; = n where n is the dimensionality of the vector space.
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« If S is n X n and symmetric, let
T=s-Lws)r
- n
1
or Tl] = Sl} - Z tr(S)5l-j
1
then tr(T) = Tii = Sii = E tr(S)5ii

= tr(S) — % tr(S) = 0

ThenS =T+ = tr(S)I where T is traceless and the right hand term L tr(S)I is “pure trace’.
n n

« If Ais n X n antisymmetric, tr(4) = A;; = 0.

6.4 Orthogonal matrices

A real n X n matrix U is orthogonal if and only if its transpose is its inverse.
Ul =0U0"=1

These conditions can be written
UpiUgj = U Ujp = 635

In words, the left hand side says that the columns of U are orthonormal, and the middle part of the
equation says that the rows of U are orthonormal.

el s

For example, if U = R(P) is a rotation through 6 around an axis fi, then UT = R(6)T = R(-6) =
R(6)~! = U~!. Anequivalent definition for orthogonality is: U is orthogonal if and only if it preserves
the inner product on R”.

(Ux)-(Uy)=x-y Vx,yeR"

To check equivalence:

(Ux) - (Uy) = (Ux)'(Uy)
= (xTUN)(Uy)
=x1(UV)y
= xTy
=X-y

which is true if and only if UTU = I. Note that in R", the columns of U are Ue;, ---, Ue,, so the inner
product is preserved when U acts on the standard basis vectors if and only if

(Uei) . (Ue]) =€;- ej = 5”

i.e. the columns of U are orthonormal.
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Let us now try to find a general 2 X 2 orthogonal matrix. We begin by transforming the basis vectors.

1 . .
e; = <0> must be transformed to a unit vector. Therefore, in the most general sense:

0(o)=(ne)

for some parameter 8. Now, the other basis vector e, must be orthogonal to it, and so it must be

0 —sin®
U(l) - i( cosf )
So we have two cases:

cosf@ —sinb cos@ sinf
U=R:(sin6 cos@)’ U=H=<sin6 —cos@)

where R is a rotation by 6 and H is a reflection in R2, where

.0

. — S -
n= 62
COoS —

2

. 20 . 0 2]
1—2s1n2— 2s1nzcos—)

because

H;; =6;; —2n;n;.. H =
Y Y w (ZSingcosg 1—200825

which simplifies as required. Note that detR = +1, butdet H = —1.

6.5 Unitary matrices

A complex n X n matrix U is called unitary if and only if
Ulu=uU" =1
Equivalently, U is unitary if and only if it preserves the complex inner product on C,;:
(Uz,Uw) = (z,w) Vz,w e C"
To check equivalence:

(Uz, Uw) = (Uz)"(Uw)
= (z'UN(UW)
=zI(U'U)w

= ZTW

which of course matches if and only if UTU = 1.
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7 Adjugates and alternating forms

7.1 Inverses in two dimensions

Consider alinearmap T : R" — R". If T is invertible (i.e. bijective), then ker T = {0} as T is injective,
and Im T = R" as T is surjective. These conditions are actually equivalent due to the rank-nullity
theorem. Conversely, if the conditions hold, then T(e,), T(e,), --- , T(e,,) must be a basis of the image,
so we can just define T~! by defining its actions on the basis vectors T(e,), T(e,) --- T(e,,), specifically
mapping them to the standard basis.

How can we test whether the conditions above hold for a matrix M representing T, and how can we
find M~! from M explicitly? For any n X n matrix M (not necessarily invertible), we will define the
adjugate matrix M and the determinant det M such that

MM = (det M)I (%)

Then if det M # 0, M is invertible, where

From n = 2, recall that () holds with

_ (M My, &~ _ (Mxn —My). _ _
M—(M12 My,)’ M = M, My, ) detM = [Me,, Me,]| = ¢;;M;;Mj,

The determinant in this case is the factor by which areas scale under M. detM # 0 if and only if
Me,, Me, are linearly independent.
7.2 Three dimensions
For n = 3, we will define similarly
detM = [Me;, Mey, Mes] = &3 M Mj; M3

We define it like this because this is the factor by which volumes scale under M in three dimensions.
So
detM # 0 < {Me,, Me,, Me;} linearly independent, or ImM = R3

Now we define M from M using row/column notation.
R (M) = C,(M) x C3(M)
R,(M) = C3(M) x C;(M)
R3(M) = C,(M) x C5(M)

Note that therefore,

(MM);; = Ry(M) - C;(M) = (C;(M) X C,(M) - C3(M)) &
det M
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as claimed. For example, let us invert the following matrix.

1 3 0
M=|0 -1 =2

4 1 -1

3 0 -1
C2 X C3 =|-1 X 2 = 3

1 -1 6

0 1
C3 X Cl = 2 X 0]=|-1
-1/ \4/ \=2
1 3
CI X C2 =0 X -1
4 1
-1 3 6
M=(8 -1 -2
4 11 -1

detM=C1C2XC3=23
MM = 23]

7.3 Levi-Civita ¢ in higher dimensions
Recall (from TA Groups):

« Apermutation oontheset{l,2, -, n}is a bijection from the set to itself, specified by an ordered
list (1), 0(2), --- , o(n).

« Permutations form a group S,,, called the symmetric group of order n!
« A transposition 7 = (p, q) where p # q is a permutation that swaps p and q.

« Any permutation is a product of of k transpositions, where k is unique modulo 2 for a given o.
In this course, we will write £(o) to mean the sign (or signature) of the permutation, (-1). o
is even if the sign is 1, and odd if the sign is —1.

The alternating symbol € in R” or C" is an n-index object (tensor) defined by

+1 ifi,j---,lisan even permutation of 1,2, ---,n
&j.. =1—1 ifi,j---,lisan odd permutation of 1,2, ---,n
mindies |0 otherwise, i.e. if any indices take the same value

Thus if 0 is any permutation, then
€5(1)---0(n) = ()

So ¢;j...1 is totally antisymmetric and changes sign whenever a pair of indices are exchanged.

Definition. Given vectors vy, ---v,, € R" or C", the alternating form combines them to give
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the scalar

[V, va, o, V] = €ij...1(v1)i(v2)j - (V)i

= Z e(o) - (Vl)cr(l) : (VZ)U(Z) (Vn)a(n)

oES,

7.4 Properties
(i) The alternating form is multilinear.
[Vi, s Vpo, au + BW, Vg o, Ve = vy, o V1, 0, Vg oo, V]
+BIVis - Vp_ 1, W, Vg o+, Vi
(i) Itis totally antisymmetric. [Vq(1), Vo(a)s =+ s Va(ny| = €(0)[Vy, -+, V]
(iii) Standard basis vectors give a positive result: [e;, -, e, ] = 1.
These three properties fix the alternating form completely, and they also imply
(iv) If v, = v, where p # g, then

[VI’ ’vp’ ’VQ’ ’Vn] =0

(v) Ifv, can be written as a non-trivial linear combination of the other vectors, then
[VI’ an’ ’Vn] =0
Property (iv) follows from property (ii), where we swap v,, and v,. Property (v) follows from substi-
tuting the linear combination representation of v, into the alternating form expression, the using
properties (i) and (iv). To justify (ii) above, it suffices to check a transposition 7 = (p q) where

(without loss of generality) p < g, then since transpositions generate all permutations the result
follows.

[Vls avp—lavqavp+15 ’Vq—19vp5vq+19 5vn]
= Z E(O')(Vl)c(l) (Vp—l)o(p—l)(Vq)o(p)(vp+1)a(p+1)
I
e (Vq—l)cr(q—l) (Vp)a(q) (Vq+l)cr(q+1)
= Z E(O')(Vl)o’(l) e (Vp—l)o’(p—l)(Vq)o/(q)(vp+1)cr’(p+l)
I
e (Vq—l)o”(q—l) (Vp)a’(p)(vq+l)a’ (q+1)
where ¢’ = o1

=- Z E(O")(Vl)cr’(l) (Vp—l)O"(p—l)(Vp)O"(p)(vp+1)0"(p+1)
o—/

(Vq—l)cr’(q—l)(Vq)cr'(q)(vq+1)cr’(q+1)
= _[Vl’ ’Vp—l’vp7vp+17 ’Vq—l’VQ’Vq+1’ ’Vn]

as required.
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Proposition. [v;,Vv,,---,v,] # 0if and only if v;,v,, ---, v, are linearly independent.

Proof. To show the forward implication, let us suppose that they are not linearly independent and use
property (v). Then we can express some v, as a linear combination of the others. Then [vy, vy, -+, v, ] =
0.

To show the other direction, note that v{, v,, ---, v; means that they span, and if they span then each
of the standard basis vectors e; can be written as a linear combination of the v vectors, i.e. ¢; = U;Vv,.
Then

[el’ €, en] = [Ualva’ UpaVp, -+ Ucnvc]
=UnUps - UenlVa, Vs -+ Ve
= Ual Ub2 Ucngab---c[vl,vz, avn]

By definition, the left hand side is +1, so [vy, v, -+-, V,,] is nonzero. O

As an example of these ideas, let

i 0 3 0
0 0 2i 0

vi=lol Y2=|50 vs=g va=|; | wherev; € C,
2 0 0 1

Then

[V1, V2, V3, V4] = 5i[vy, €3, V3, V4]
= 5iie; + 2ey, €3, 3e; + 2ie,, —ie; + 4]

By multilinearity, we can eliminate all e; terms not in the second position because they will cancel
with it, giving

= Si[ie; + 2ey4, e3,3€e, + 2ie,, e4]
And likewise with e,:

= Si[ieq, e3, 3e; + 2ie,, e4]
And again with e;:

= 5i[ie;, e3,2ie,, e4]

= 5i-2i-i[e;,e; €5 €e4]
= 10i[e;, e, €3, €4]

= 10i
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8 Determinant

8.1 Definition

For an n X n matrix M with columns C, = Me,, then the determinant det(M) = |[M| € R or C is
given by any of the following equivalent definitions.

deth [Cl,CZ,"‘,Cn]
= [Me,,Me,, ---,Me,]
= g&j..aMpuMj; - My,

= >, €(0)Mo) 1Moy -+ M(nyn
g

Here are some examples.

i n=2

M, My

detM = ZMG(I)lMU(Z)Z = M12 M22 = M11M22 - M12M21
ag

(if) M diagonal, i.e. M;j = 0fori # j

M;; O - 0
M=| . 2 . | = detM = My;; My, - My,
0 0 - My,

(iii) LetMben x n,Abe (n—1) X (n — 1), where
AlO
w= (511

We call M a matrix ‘in block form’. So M,;; = M;,, = 0ifi # n. So we can restrict the permuta-
tion o to only transmuting the first (n — 1) terms, i.e. o(n) = n. So det M = det A.

Proposition. If R, are the rows of M, det M is given by
detM = [R17 Rz, ey, R}’l]
= gj..aMiMyj - My,
=Y &€(0)Mio1yMag(2) -+ Myg(n)
g

i.e.detM = det MT.

Proof. Recallthat (C,); = M;, = (R;),. We need to show that one of these definitions is equivalent to
one of the previous definitions, then all other equivalent definitions follow. We use the X definition
by considering the product My4(1)Ms(2) *** Mpg(n)- We may rewrite this product in a different order:
MoanMpy2 - Mp(nyn- Then p = o~ L. But then (o) = £(p), and a sum over ¢ is equivalent to a surél
over p.
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8.2 Expanding by rows or columns

For an nx n matrix M with entries M;,, we define the minor M@ to be the (n—1) x (n—1) determinant
of the matrix obtained by deleting row i and column a from M.

Proposition. The determinant of a generic n X n matrix M is given by

detM = ) (=1)**M;,M™ for a fixed a
i

= > (~1)*aM;, M for a fixed i
a

This process is known as expanding by row i or by column a. As an example, let us take the following
4 X 4 complex matrix

i 0 3 0
0 0 2 O
M= 0 51 0 —i
2 0 0 1

Then, the determinant is given by (expanding by row 3)

i 3 0 i 0 3
detM =-5i|0 2i O|+i|0 0 2i
2 0 1 2 0 0

~5i [i 2 (1)‘ -3 ‘(2) ?H +i [—21‘
~5i[i - 2i 3 - 0] + i[~2i - 0]
—5i[-2] +[0]

= 10i

i 0
2 0

8.3 Row and column operations
Consider the following consequences of the properties of the determinant:

« (row and column scaling) If R; — AR; for a fixed i, or C, — AC,, then detM — AdetM by
multilinearity. If we scale all rows or columns, then M — AM, so det M — A" det M where M
is an n X n matrix.

« (row and column operations) If R; = R; + AR; where i # j (or the corresponding conversion
with columns), then det M +— det M.

« (row and column exchanges) If we swap R; and R; (or two columns), then det M +— —det M.

For example, let us find the determinant of matrix A, where

1 1
A=|a 1 ; aecC
1 a

— = e
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Then:

1 1 a
detA=|a 1 1
1 a1
l1—-a 1 a
Cchl_C3: detA: a—l 1 1
0 a 1
1 1 a
detA=(1-a)|-1 1 1
0 a 1

1 1—a a
CZHCZ_C3: detA:(l_a)—l 0 1

0 a-—-1 1
1 1 a
detA=(1-a)?|-1 0 1
0 -1 1
0 0 a+2
R1|—)R1+R2+R3: detA:(l_a)2 -1 0 1
0 -1 1

detA = (1— a)X(a+2) }‘01 _01‘ —(1-aPa+2)
8.4 Multiplicative property of determinants

Theorem. For n X n matrices M, N, det(tMN) = det M - detN.

We can prove this using the following elaboration on the definition of the determinant:

Lemma.
EiyiyeripMiya,Miya, = Mipa, = (detM)galaz---an
Proof. Thelefthand side and right hand side are each totally antisymmetric (alternating)in a;, a,, -+, a,,
so they must be related by a constant of proportionality. To fix the constant, we can simply consider
taking a; = i and the result follows. O

Now, we prove the above theorem.

Proof. Using the lemma above:

detMN = g j,...;, (MN); 1(MN);,5 -+ (MN);,
= Ejiynip A]\filkl A]\fizkz A]\/?nk"
ki1 ky2 kpn
= (dEtM)5a1a2~~~anNk11Nk22 Nknn
= (det M)(detN)

36



as required. O

Note the following consequences.

(i) MM =1 = det(M~')det(M) = det] = 1. Therefore, det(M~"') = (detM)~!, so detM
must be nonzero for M to be invertible.

(ii) For Rreal and orthogonal, RTR = = det(R7)det(R) = 1. Butdet(RT) = detR, so (detR)? =
1,sodetR = +1.

(iii) For U complex and unitary, UTU =1 = det(U")det(U) = 1. But since UT = UT, we have
detUdetU =1,s0|(detU)?| =1, so |[detU| = 1.

8.5 Cofactors and determinants

Consider a column of some n X n matrix M, written in the form
C,= ZMiaei
i
= detM = [C17 ,Ca’ aCn]
=[Cy, s Ca—I!ZMiaeia Cat157++, Cnl
i
= ZMiaAia
i

where

Ajg = [Cy,+,Cq1,€;,Cqys -+, Gy

0
A : B
0
=0 0 1 0 0
0
C : D
0

where the zero entries in the rows arise from antisymmetry, giving

= (=1)n-a . (=1)n-i A B
amount of column transpositions amount of row transpositions
— (_1)i+a Mia

where M@ is the minor in this position; the determinant of the matrix with this particular row and
column removed. We call A;, the cofactor.

detM = )" M, Ay = ) (1) M M@
- .

1

Similarly, by considering rows,

detM = )" M;qAyq = ) (1) M M@
a a
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8.6 Adjugates and inverses

Reasoning as above, consider Cp, = »}, M;,e;. Then,

[C1. . Ca1:Cp: Casr . Cal = 23 MipAig
i

Ifa = b then clearly this is det M. Otherwise, Cy, is equal to one of the other columns, so }}; MjpA;, =
0.
D MipAjq = (det M)Sgp
i

Similarly,
Z MjaAia = (det M)SU
a

Now, let A be the matrix of cofactors (i.e. entries A;, ), and we define the adjugate M = AT. Then
AigMip = MMy, = (MM)gp, = (det M)8 gy,
Therefore,
MM = (det M)I
We can reach this result similarly considering the other index. Hence, if detM # 0 then M~! =

1 —~
det M

8.7 Systems of linear equations
Consider a system of n linear equations in n unknowns Xx; written in matrix-vector form:
Ax=Db, x,beR"
where A is an n X n matrix. There are three possibilities:
(i) detA # 0 = A~!exists so there is a unique solutionx = A~'b
(ii) detA = 0 and b ¢ Im A means that there is no solution
(iii) detA = 0 and b € Im A means that there are infinitely many solutions of the form
X=Xy,+u
where u € ker A and x, is a particular solution

A solution therefore exists if and only if Ax, = b for some x,, which is true if and only if b € Im A.
Then x is also a solution if and only if u = x — x, satisfies

Au=0

This equation is known as the equivalent homogeneous problem. Now, detA # 0 <= ImA =
R" < kerA = {0}. So in case (i), there is always a unique solution for any b. But detA = 0 <
rank(A) < n < nullA > 0. Then either b ¢ Im A as in case (ii), or b € Im A as in case (iii).

Ifu,, ..., uy is a basis for ker A, then the general solution to the homogeneous problem is some linear
combination of these basis vectors, i.e.

k
u= Zﬂ.iui, k =nullA
i=1
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This is similar to the complementary function and particular integral technique used to solve linear
differential equations.

For example, in Ax = b, let

We have previously found that det A = (a — 1)*(a + 2). So the cases are:
« (a# 1,a # —2)detA # 0 and A~! exists; we previously found this to be

1 1 1+a 1
Al = ) 1 1 -1-a
I-a@+d\_1_q 1 1
For these values of a, there is a unique solution for any ¢, demonstrating case (i) above:

1 2—c—ca
x=Ab=—— | c—-a
1-a)2+a) c—a

Geometrically, this solution is simply a point.

+ (a = 1) In this case, the matrix is simply

= el o))

Note that b € Im A if and only if ¢ = 1, where a particular solution is

1
Xo =
So the general solution is given by

1—-A—u
X=Xy+u= A
%

In summary, for a = 1, ¢ = 1 we have case (iii). Geometrically this is a plane. Fora =1, ¢ # 1,
we have case (ii) where there are no solutions.

==

o (a = —2) The matrix becomes

oft 33 meeml e)

Now, b € Im A if and only if c = —2, the particular solution is

-
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The general solution is therefore

1+4
x=X +u=| 4
A

In summary, for a = —2 and ¢ = —2 we have case (iii). Geometrically this is a line. For a = —2,
¢ # —2, we have case (ii) where there are no solutions.

8.8 Geometrical interpretation of solutions of linear equations

Let Ry, R,, R; be the rows of the 3 X 3 matrix A. Then the rows represent the normals of planes. This
is clear by expanding the matrix multiplication of the homogeneous form:

Au=0 < R;-u=0
R2 -u=0
R3 -u=0
So the solution of the homogeneous problem (i.e. finding the general solution) amounts to determ-
ining where the planes intersect.

 (rank A = 3) The rows are linearly independent, so the three planes’ normals are linearly inde-
pendent and the planes intersect at 0 only.

+ (rank A = 2) The normals span a plane, so the planes intersect in a line.
+ (rank A = 1) The normals are parallel and therefore the planes coincide.
« (rank A = 0) The normals are all zero, so any vector in R solves the equation.
Now, let us consider instead the original problem Ax = b:
Ab=0 <:R1‘u=b1
R2 -a= b2
R3 -u= b3
The planes still have normals R; as before, but they do not necessarily pass through the origin.

 (rank A = 3) The planes’ normals are linearly independent and the planes intersect at a point;
this is the unique solution.

« (rank A < 3) The existence of a solution depends on the value of b.

- (rank A = 2) The planes may intersect in a line as before, but they may instead form a
sheaf (the planes pairwise intersect in lines but they do not as a triple), or two planes
could be parallel and not intersect each other at all.

- (rank A = 1) The normals are parallel, so the planes may coincide or they might be paral-
lel. There is no solution unless all three planes coincide.

40



9 Properties of matrices

9.1 Eigenvalues and eigenvectors

Foralinearmap T: V — V,avector v € V with v # 0 is called an eigenvector of T with eigenvalue
AfT(v) = Av. If V = R" or C", and T is given by an n X n matrix A, then

Av=1lv < A-AHv=0
and for a given 4, this holds for some v # 0 if and only if
detA—-AI) =0

This is called the characteristic equation for A. So 4 is an eigenvalue if and only if it is a root of the
characteristic polynomial

An—t  Ap e A
) =deta—my=| A Az A
Anl An2 Ann —t

We can look for eigenvalues as roots of the characteristic polynomial or characteristic equation, and
then determine the corresponding eigenvectors once we’ve deduced what the possibilities are. Here
are a few examples.

Q) vV =_c2

A:(_Zl. ;) = detA—-AD=02-21)>-1=0

Sowehave (2 —1)> =1sol=1or3.

e (A=1) .
(A—I)V=<_ll. i)(sl):o = v=oc(%>

for any o # 0.

c(4=3)

1 i v 1
= (T 4)(0) =0 = v=s(2)
for any 8 # 0.
(i) V = R

A:<(1) 1) — det(A—AD)=(1—-A)2 =0

So A = 1 only, a repeated root.

(A—I)v:(ﬁ (1))@):0 = v=a<(1))

for any o # 0. There is only one (linearly independent) eigenvector here.
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(iii) V = R% or C%

U= (cos@ —sin 6

— _ =2 _
sin 0 COS6)=>)(U(t)—det(U th =t —2tcosf+1

The eigenvalues A are e*®, The eigenvectors are

v:cx(_l.); a#0
Fi

So there are no real eigenvalues or eigenvectors except when 6 = nr.

iv) v=C_c™
A 0 -« 0
a=|% % - — (D) = det(A — 1) = (A — Oy — A3 — 1) ... (A, — ©)
0 0 - 1,

So the eigenvalues are all the 1;, and the eigenvectors are v = ae; (o # 0) for each i.

9.2 The characteristic polynomial

For an n X n matrix A, the characteristic polynomial y,(¢) has degree n:
n .
xa(t) = D cith = (1)t = A) .. (t = )
j=0
(i) There exists at least one eigenvalue (solution to y,), due to the fundamental theorem of algebra,

or n roots counted with multiplicity.

>ii) tr(A) = A;; = Z:;l A;, the sum of the eigenvalues. Compare terms of degree n — 1 in ¢, and
from the determinant we get

(=" A + ()" Ay + -+ (=) Ay
The overall sign matches with the expansion of (—1)"(t — 1;)(t — 4,) ... (t — 1,,).
(iii) det(A) = x4(0) = H?:l 4;, the product of the eigenvalues.

(iv) If A is real, then the coefficients ¢; in the characteristic polynomial are real, so y,(1) = 0 <
xa(4) = 0. So the non-real roots occur in conjugate pairs if A is real.

9.3 Eigenspaces and multiplicities
For an eigenvalue A of a matrix A, we define the eigenspace
E;, ={v:Av = Av} = ker(A — AI)
All nonzero vectors in this space are eigenvectors. The geometric multiplicity is
my = dimE; = null(A — AI)

equivalent to the number of linearly independent eigenvectors with the given eigenvalue A. The
algebraic multiplicity is

M, = the multiplicity of 1 as a root of y,(t)
ie. xa(t) = (t = )Mt f(t), where f(1) # 0.
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Proposition. M; > m; (and m; > 1 since 4 is an eigenvalue). The proof of this proposition
is delayed until the next section where we will then have the tools to prove it.

Here are some examples.
(1

-2 2 =3
A= ( 2 1 —6) — u(t) = det(A — tT) = (5 — £)(¢ + 3)?
-1 -2 0

SoA=5,-3. M5 =1, M_; = 2. We will now find the eigenspaces.

L 3=53) Bs = Hé)]
- (3)-4fl]

Note that to compute the eigenvectors, we just need to solve the equation (A — AI)x = 0. In the
case of 1 = —3, for example, we then have

1 2 =3\ /x
2 4 —6|({x]|=0
-1 =2 3/\x

We can use the first line of the matrix to get a linear combination for x;, x,, x5, specifically
X1 + 2x, = 3x; = 0, so we can eliminate one of the variables (here, x;) to get

—2X, + 3X3
X = Xy =0
X3

Now, dim Es = ms = 1 = M;. Similarly,dimE_; =m_3; =2 = M_;.

(ii)

c(A=-3)

-3 -1 1
A=(—1 -3 1) = ya(t) = det(A — tI) = —(t + 2)
-2 =2 0

We have a root A = —2 with M_, = 3. To find the eigenspace, we will look for solutions of:

-1 -1 1\ /x —X; + X3
A+2Dx=|-1 -1 1]|[x]=0 = x= Xy
-2 =2 2/\x; X3

So

Further, m_, =2 <3 =M_,.
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(iii) A reflection in a plane through the origin with unit normal fi satisfies
HhA=-1n, VualnHu=u

The eigenvalues are therefore +1 and E_; = {afi}, and E; = {x : x - i = 0}. The multiplicities
are givenbyM_; =m_; = 1,M; =m; = 2.

(iv) A rotation about an axis fi through angle 6 in R3 satisfies
RA =1

So the axis of rotation is the eigenvector with eigenvalue 1. There are no other real eigenvalues
unless 6 = nzr. The rotation restricted to the plane perpendicular to f has eigenvalues e*% as
shown above.

9.4 Linear independence of eigenvectors

Proposition. Let vy, ..., Vv, be eigenvectors of an n X n matrix A with eigenvalues 4,, ..., 4,.
If the eigenvalues are distinct, then the eigenvectors are linearly independent.

Proof. Note that if we take some linear combination w = Z;zl ajvj, then (A —Aw = Z;zl aj(d;—
A)v;. Here are two methods for getting this proof.

(i) Suppose the eigenvectors are linearly dependent, so there exist linear combinations w = 0
where some « are nonzero. Let p be the amount of nonzero « values. So, 2 < p < r. Now,
pick such a w for which p is least. Without loss of generality, let «; be one of the nonzero

coefficients. Then
,

A=24Dw = a;j(dj—A)v; =0
j=2

This is a linear relation with p — 1 nonzero coefficients #.

(i) Alternatively, given a linear relation w = 0,

[JA-24Dw=a, [[( = 2))vic =0
Jj#k Jj#k

for some fixed k. So o, = 0. So the eigenvectors are linearly independent as claimed.

Corollary. With conditions as in the proposition above, let B, be a basis for the eigenspace
E;,. Then B =3B, UB, U--UB, islinearly independent.

Proof. Consider a general linear combination of all these vectors, it has the form
W=wW +W,+ - +W,
where each w; € E;. Applying the same arguments as in the proposition, we find that
w=0 = Viw; =0

So each wj; is the trivial linear combination of elements of B;, and the result follows. O
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9.5 Diagonalisability

Proposition. For an n X n matrix A acting on V = R” or C", the following conditions are
equivalent:
(i) there exists a basis of eigenvectors of A for V, named vy, v,, ..., v,, which Av; = 4;v; for
each i; and
(ii) there exists an n X n invertible matrix P with the property that

A 0 - 0
piap=p=|" ’1_2 w0
0o 0 - A,

If either of these conditions hold, then A is diagonalisable.

Proof. Note that for any matrix P, AP has columns AC;(P), and PD has columns A;C;(P). Then (i)
and (ii) are related by choosing v; = C;(P). Then P"!AP =D < AP =PD < Av; = 4;v;.

In essence, given a basis of eigenvectors as in (i), the relation above defines P, and if the eigenvectors
are linearly independent then P is invertible. Conversely, given a matrix P as in (ii), its columns are
a basis of eigenvectors. O

Let’s try some examples.

(i) Let

(s )= nl)

This is a single eigenvalue A = 1 with one linearly independent eigenvector. So there is no basis
of eigenvectors for R2 or C2, s0 A is not diagonalisable.

cos® —sinb 1 1
U= (sin@ cosf ) = Eeo = {OC(—i)}; Eeto = {5<1)}

which are two linearly independent complex eigenvectors. So,

(1 o1\, 11 i\, 4, (e 0
P_<—i i)’ P _2<1 —i)’ P UP_(O el®

So U is diagonalisable over C? but not over R2.

(ii) Let

9.6 Criteria for diagonalisability

Proposition. Consider an n X n matrix A.
(i) A is diagonalisable if it has n distinct eigenvalues (sufficient condition).
(ii) A is diagonalisable if and only if for every eigenvalue A, M; = m; (necessary and suffi-
cient condition).

Proof. Use the proposition and corollary above.
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(i) If we have n distinct eigenvalues, then we have n linearly independent eigenvectors. Hence
they form a basis.

(ii) If 4; are all the distinct eigenvalues, then B;, U---U 3B, are linearly independent. The number
of elements in this new basis is 3}, m;, = >, M, = n which is the degree of the characteristic
polynomial. So we have a basis.

Note that case (i) is just a specialisation of case (ii) where both multiplicities are 1. O

Let us consider some examples.
(i) Let
-2 2 =3
A=| 2 1 —6| = 1=5,-3; Ms=ms=1;, M ;=m_;=2
-1 -2 0
So A is diagonalisable by case (ii) above, and moreover
1 -2 3 1 1 2 -3 50 0
P=2 1 0f; P—1=g -2 4 6| = PlAP=(0 -3 0
-1 0 1 1 2 5 o 0 -3
(ii) Let

-3 -1 1
A=[-1 =3 1| = 1=-2; M,=3>m_,=2
-2 2 0

So A is not diagonalisable. As a check, if it were diagonalisable, then there would be some
matrix P such that P7IAP = —2] => A = P(—=2I)P~! = —2I #.

9.7 Similarity

Matrices A and B (both n X n) are similar if B = P~1AP for some invertible n X n matrix P. This is an
equivalence relation.

Proposition. If A and B are similar, then

(i) trB=trA
(ii) detB = detA
(i) xB = xa
Proof. (i)
tr B = tr(P'AP)
= tr(APP™?)
=trA
(ii)

detB = det(P~AP)
=detP~!detAdetP
=detA
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(iii)
det(B — tI) = det(P~*AP — tI)
= det(P~'AP — tP~'P)
= det(P~}(A — tI)P)
= det P~ det(A — tI)det P
= det(A — ¢tI)

9.8 Real eigenvalues and orthogonal eigenvectors

—T PR
Recall that an nxn matrix A is hermitian if and only ifAT=A4 =4, orA;j = Aj;. If A isreal, thenitis

hermitian if and only if it is symmetric. The complex inner product for v,w € C" is viw = 2. UiW;,
and for v, w € R", this reduces to the dot product in R", viw.

Here is a key observation. If A is hermitian, then

Av)'w = vi(aw)

Theorem. For an n X n matrix A that is hermitian:
(i) Every eigenvalue A is real;
(ii) Eigenvectorsv, wwith different eigenvalues A, u respectively, are orthogonal, i.e. viw =
0; and
(iii) If A is real and symmetric, then for each eigenvalue 4 we can choose a real eigenvector,
and part (ii) becomes v - w = 0.

Proof. (i) Using the observation above with v = w where v is any eigenvector with eigenvalue 4,
we get

vi(Av) = (Av)Tv
vi(v) = (Av)'v
V(v = Z(V)TV

As v is an eigenvector, it is nonzero, so viv #0,s0

A=21

(ii) Using the same observation,

vi(Aw) = (Av)'w
vi(uw) = (Av)'w

uviw = Iviw

Since 4 # u, viw = 0, so the eigenvectors are orthogonal.
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(iii) Given Av = Avwith v € C" but A is real, let
v=u+iu; uu eR”
Since v is an eigenvector, and this is a linear equation, we have
Au=u; Au =Au’
So u and u' are eigenvectors. v # 0 implies that at least one of u and u’ are nonzero, so there
is at least one real eigenvector with this eigenvalue.
O
Case (ii) is a stronger claim for hermitian matrices than just showing that eigenvectors are linearly
independent. Furthermore, previously we considered bases B for each eigenspace E;, and it is now

natural to choose bases 3 to be orthonormal when we are considering hermitian matrices. Here are
some examples.

(i) Let

2 i 1 (1 1 (1
A= <_i 2)’ A=A =Ly w = \/E(i)’ e \/§<_i)

‘We have chosen coefficients for the vectors u; and u, such that they are unit vectors. As shown
above, they are then orthonormal. We know that having distinct eigenvalues means that a
matrix is diagonalisable. So let us set

P=i(1. 1.) = P‘lAP:D:(l 0)

\/5 i —i 0 3
Since the eigenvectors are orthonormal, so are the columns of P, so P71 =P (je Pis unitary).

(ii) Let

01 1
A=|1 0 1
1 10
A is real and symmetric, with eigenvalues A = —1,2 with M_; = 2, M, = 1. Further,
1 1
E_; = span{fw;,w,}; w;=[-1]|; wy,=[0
0 -1
So m_; = 2, and the matrix is diagonalisable. Let us choose an orthonormal basis for E_; by
taking
u; = L w 1 :
1= 7 W1= =\~
W | \/E 0
and we can consider
1/2
w, =w, — (u; - wy)u; = (1/2
-1

48



so that w’, is orthogonal to u; by construction. We can then normalise this vector to get

W= w, = L i
W Ve \ 2

B_; ={u, uy}

and therefore

is an orthonormal basis. For E,, let us choose B, = {u;} where
1
1
1

1 1 1
B = L -1], L 1], L 1
V2\o /) Ve\2) V3 \1
is an orthonormal basis for R3. Let P be the matrix with columns u;, u,, uz, then P7lAP =D
as required. Since we have chosen an orthonormal basis, P is orthogonal, so PTAP = D.

u3=

-

Together,

9.9 Unitary and orthogonal diagonalisation

Theorem. Any n X n hermitian matrix A is diagonalisable.
(i) There exists a basis of eigenvectors u,, ... ,u,, € C" with Au; = Au;; equivalently
(ii) There exists an n X n invertible matrix P with P~!AP = D where D is the matrix with
eigenvalues on the diagonal, where the columns of P are the eigenvectors u;.
In addition, the eigenvectors u; can be chosen to be orthonormal, so

ujuj =djj
or equivalently, the matrix P can be chosen to be unitary,
Pt =p7! = PlAP=D
In the special case that the matrix A is real, the eigenvectors can be chosen to be real, and so
u'u; =u;-u; =94

so P is orthogonal, so
PT=pP71 — PIAP=D
10 Quadratic forms

10.1 Simple example
Consider a function # : R? — R defined by

F(x) = 2x% — 4x,x, + 5x3
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This can be simplified by writing
F(x) = x2 + 6x4

where
oL

X
SRE

This can be found by writing #(x) = xTAx where

a=(5 7))

by inspection from the original equation, and then diagonalising A. We find the eigenvalues to be

A =1, 6, with eigenvectors
=0 %6
\/g 1/’ \/g 2

10.2 Diagonalising quadratic forms

-1

Vs

(2x1 +x3); x5 (=x1 +2x,)

In general, a quadratic form is a function ¥ : R" — R given by
.rfr(X) =XAx = ?(X)U = Xl'Aiij'

where A is a real symmetric n X n matrix. Any antisymmetric part of A would not contribute to the
result, so there is no loss of generality under this restriction. From the section above, we know we
can write PTAP = D where D is a diagonal matrix containing the eigenvalues, and P is constructed
from the eigenvectors, with orthonormal columns u;. Setting X' = PTx, or equivalently x = Px’, we
have

F(x) = x"Ax
= (Px')TA(PX')
= (x')TPTAPX’
= (x)Dx’
= Y 4xE = x4 ApxP
i

We say that F# has been diagonalised. Now, note that

X' =Xxje; + - + xpe,
X = X1€; + .- +xnen

= xju; + - + x,uy,
where the e; are the standard basis vectors, since
X;=u;-x & x' =Px

Hence the x; can be regarded as coordinates with respect to a new set of axes defined by the or-
thonormal eigenvector basis, known as the principal axes of the quadratic form. They are related to
the standard axes (given by basis vectors e;) by the orthogonal transformation P.
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Example (two dimensions). Consider F(x) = xTAx with

(4

The eigenvalues are A = a + 8, — 3 and

- ) w50
\/E 1 \/5 1
So in terms of the standard basis vectors,
F(x) = ax? + 2Bx;x, + ax’
And in terms of our new basis vectors,
F®) = (a+ pxi + (a— px5

where
, 1
X1 =u;-X= —2(x1 +x2)

1
,2=U2‘X=—(—xl +x2)

V2

X

Taking for example a = E, B = _—1, we have 4; = 1,1, = 2. If we choose F = 1, this represents an
2 2
ellipse in our new coordinate system:
xP+2x7 =1

If instead we chose o = _71,,6 = 3 We now have 4; = 1,4, = —2. The locus at ¥ = 1 gives a
hyperbola:
xP—2x2=1

Example (three dimensions). In R3, note that if A,,1,, 15 are all strictly positive, then F = 1 gives
an ellipsoid. This is analogous to the R? case above.

Let us consider an example. Earlier, we found that the eigenvalues of the matrix A where

011
A=|1 0 1
1 10

are A; = 1, = —1,4; = 2, where

Then

F(X) = 2x1X5 + 2X5X3 + 2X3X

= —x}2 — x}2 + 2x4?
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Now, F = 1 corresponds to
2x2 =14 X2 + x5

So we can more clearly see that this is a hyperboloid of two sheets in R3 with rotational symmetry
between the x; and x, axes. Further, # = —1 corresponds to

12 12 2
1+ 2x3" = x7° + x5

Here, this is a hyperboloid of one sheet since for any fixed x5 coordinate, it defines a circle in the x;
and x, axes.

10.3 Hessian matrix as a quadratic form

Consider a smooth function f : R" — R with a stationary point at x = a, i.e. j—f =0atx = a. By
Xi
Taylor’s theorem,
3
f@+h)+ f(a) + F(h) + O(/h|")
where F is a quadratic form with
1 8%f
Aij = ==
2 6xi6xj
all evaluated at x = a. Note that this A is half of the Hessian matrix, and that the linear term vanishes
since we are at a stationary point. Rewriting this h in terms of the eigenvectors of A (the principal
axes), we have
F = MhE + L,hE + -+ A, h?

So clearly if 4; > 0 for all i, then f hasa minimum atx = a. If 1; < 0 for all I, then f has a maximum
at x = a. Otherwise, it has a saddle point. Note that it is often sufficient to consider the trace and
determinant of A, since trA = 1; + 1, and detA = 1;4,.

11 Cayley-Hamilton theorem

11.1 Matrix polynomials
If A is an n X n complex matrix and
p(t) = co+cyt + 3+ + itk

is a polynomial, then
p(A) =col + A+ 02A2 4+t CkAk

We can also define power series on matrices (subject to convergence). For example, the exponential
series which always converges:

1 1
exp(A)=I+A+ EAZ + ot ﬁA’ + ...

For a diagonal matrix, polynomials and power series can be computed easily since the power of a
diagonal matrix just involves raising its diagonal elements to said power. Therefore,

A 0 - 0 p(4,) 0 0
p=|? 2T Y= em=| §OPR T
0 0 - A, 0 0 o p(dy,)
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Therefore,

ell 0 eos 0

0 e ... o

expD)=| . . . .
0 0 - ehn

If B = P~1AP (similar to A) where P is an n X n invertible matrix, then
B = P7lA'P
Therefore,
p(B) = p(P"'AP) = P! p(A)P
Of special interest is the characteristic polynomial,
xa(t) = det(A — tI) = co + c1t + cot? + - + cpt"

where ¢, = detA, and ¢,, = (—1)".

Theorem (Cayley-Hamilton Theorem).
xa(A) = col + 1A+ A2 + -+ c,A" =0

Less formally, a matrix satisfies its own characteristic equation.

Remark. We can find an expression for the matrix inverse.

—col = A(cy + A + -+ + ¢, A" )
Ifcy = detA # 0, then

Al = :—01(01 + A+ -+, AV

11.2 Proofs of special cases of Cayley-Hamilton theorem

Proof for a 2 x 2 matrix. Let A be a general 2 X 2 matrix.

A=<‘Cl Z) — ya() = 2 — (a+d)t + (ad — be)

We can check the theorem by substitution.
xa(A) = A2 — (a + d)A — (ad — bo)I

This is shown on the last example sheet.

O

Proof for diagonalisable n X n matrices. Consider A with eigenvalues 1;, and an invertible matrix P

such that P"'AP = D, where D is diagonal.

W) 0 o
woy=| O E 0 g
0 0

since the 4; are eigenvalues. Then

Xa(A) = xa(PDP™1) = Py (D)P™' =0
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11.3 Proof in general case (non-examinable)

—o Crt". We can construct the

Proof. Let M = A — tI. Then detM = det(A—tI) = y,(t) = ),
adjugate matrix.

n-1
M=) Bt
r=0
Therefore,
_ n-1
MM = (det M)I = (Z B,tr) (A—tD)
r=0

= ByA + (B;A — By)t + (B,A — B))t? + --- 4+ (B,_1A — B,_,)t""! — B, _;t
Now by comparing coefficients,

Col = ByA
ClI = BlA - BO

Cp1l =By 1A— By
Cnl = —By

Summing all of these coefficients, multiplying by the relevant powers,
Col + C1A + CLA% + -+ + Cr A"

= ByA + (B1A? — ByA) + (B,A® — BiA?) + -+ + (B,_1A" — B,_,A" 1) - B, ;A"
=0

12 Changing bases

12.1 Change of basis formula

Recall that given a linear map T': V' — W where V and W are real or complex vector spaces, and
choices of bases {e;} fori = 1, ...,nand {f,} for a = 1, ..., m, then the m X n matrix A with respect to
these bases is defined by

T(e;) = Z f,Aqi
a

So the entries in column i of A are the components of T(e;) with respect to the basis {f,}. This is
chosen to ensure that the statement y = T(x) is equivalent to the statement that y, = Ag;X;, where
y = 2, Yafa and x = 3. x;e;. This equivalence holds since

r (Z xiei) - Yure) = T (Z faAm-) -3 (Z Aaixi) ;.

Ya

as required. For the same linear map T, there is a different matrix representation A’ with respect to
different bases {e;} and {f,}. To relate A with A’, we need to understand how the new bases relate to
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the original bases. The change of base matrices P (n X n) and Q (m X m) are defined by
e =>eP; f,=) f,Qu
j b

The entries in column i of P are the components of the new basis €; in terms of the old basis vectors
{e j}, and similarly for Q. Note, P and Q are invertible, and in the relation above we could exchange
the roles of {e;} and {e(} by replacing P with P~1, and similarly for Q.

Proposition (Change of base formula for a linear map). With the definitions above,
A =Q71AP
First we will consider an example, then we will construct a proof. Letn = 2,m = 3, and
T(e)) =f +2f, —f; = Z f.An
a

T(ez) = _fl + 2f2 + f3 = Z faAaZ
a

Therefore,

Consider a new basis for V, given by
’
€, =€ —¢ =ZeiPl-1
i

’
e2 =€ +92=Zeipi2

i

1 1
P=(5 )
Consider further a new basis for W, given by

fi=fi—-f;= Zf Qa1

= Zf Qa2

f,=fi+f;= Zf Qa3
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From the change of base formula,

A = QAP

1/2 0 -1/2 1 -1
=<0 1 o)(z 2)(_11 )
1/2 0 1/2 -1 1
0
0

Now checking this result directly,
T(e)) = 2f; — 2f; = 2f]

S onN

which matches the content of the matrix as required. Now, let us prove the proposition in gen-
eral.

Proof.

T(e)=T (Z eiji)

J

= Z T(e;)P;;
J

=2 (Z faAaj) P
j a
= > faAqj Py
ja
But on the other hand,
T(e)) = 2 A%
b
= Z (z faQab)AIbi
b a
= Z f, QabAIbi
ab
which is a sum over the same set of basis vectors, so we may equate coefficients of f.
23 AajPii = 2 QapApy
j b
(AP)ai = (QA’)ai

Therefore
AP=QA = A =Q7lAP

as required.
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12.2 Changing bases of vector components

Here is another way to arrive at the formula A’ = Q7'AP. Consider changes in vector compon-

ents
x =D xie; =) Xje]
i ]

'
— Xi =Pijxj

We will write
X1 xi
X=1:]; X'=|:
Xn Xy
Then X = PX’ or X’ = P~1X. Similarly,
Y= Vofa = D Vif,
a b

= Yq = Qupy 2)
Then Y = QY’ or Y’ = Q~'Y. So the matrices are defined to ensure that
Y=AX; Y =AX

Therefore,
QY =APX' = Y' =(Q7'AP)X' = A =Q7'AP

12.3 Specialisations of changes of basis
Now, let us consider some special cases (in increasing order of specialisation).
(i) LetV = W with e; = f; and €] = f;. So P = Q and the change of basis is
A =P7lAP
Matrices representing the same linear map but with respect to different bases are similar. Con-
versely, if A, A’ are similar, then we can construct an invertible change of basis matrix P which
relates them, so they can be regarded as representing the same linear map. In an earlier sec-

tion we noted that tr(A") = tr(A), det(4") = det(A) and y4(t) = yas(t). so these are intrinsic
properties of the linear map, not just the particular matrix we choose to represent it.

(i) Let V = W = R" or C" where e; is the standard basis, with respect to which, T has matrix A.
If there exists a basis of eigenvectors, e; = v; with Av; = 4;v;. Then

A 0 - 0
A=piap=p=|0 % 0
0 0 - A,
and
v; = ;ejpﬁ

so the eigenvectors are the columns of P.
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(iii) Let A be hermitian, i.e. A" = A, then we always have a basis of orthonormal eigenvectors

e, = u;. Then the relations in (ii) apply, and P is unitary, P* = P~

12.4 Jordan normal form
Also known as the (Jordan) Canonical Form, this result classifies n X n complex matrices up to sim-

ilarity.
Proposition. Any 2 X 2 complex matrix A is similar to one of the following:

(i) A = (101 N ) with Ay # A, 50 () = (t = A)(¢ — A)
(i) A’ = (g 2) 50 x4(0) = (t = 1.

(iii) A = (:)1 /11>, 50 xa(t) = (t — 1)? as in case (ii).

Proof. x4(t) has two roots over C.
(i) For distinct roots 1,,4,, we have M, = m; = M, = m;, = 1. So the eigenvectors vy, Vv,
P~1AP with the eigenvectors as the columns of P.

provide a basis. Hence A’
ii) For a repeated root 1 wi = m, = 2, the same argument applies.
(i) F peated root 1 with M, 2, th g t appli
(iii) For arepeated root A with M; = 2, m; = 1, we do not have a basis of eigenvectors so we cannot
diagonalise the matrix. We only have one linearly independent eigenvector, which we will call

v. Let w be any other vector such that {v, w} are linearly independent. Then
Av = 2v
AW = av + fw
The matrix representing this linear map with respect to the basis vectors {v, w} is therefore
A «a
U
Let us solve for some of these unknowns. We know that the characteristic polynomial of this
matrix must be (¢t — 1)2, so B = A. Also, a # 0, otherwise we have case (ii) above. So now we

can set u = av, So
A(av) = A(av)

AW = av + fw
So with respect to the basis {u, w} we get the matrix A to be

, (A1
=5 2)
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Alternative Proof. Here is an alternative approach for case (iii). If A has characteristic polynomial

xa(t) = (t — 1)?

but A # A1, then there exists some vector w for whichu = (A—Aw # 0. So (A—ADu = (A—AD)*w =
0 by the Cayley-Hamilton theorem. So

Au = lu

AW =u + Aw

, (A1
=5 3)

Here is a concrete example using this alternative proof method.

So with basis {u, w} we have the matrix

A= (_11 ‘5‘) — a0 = (1 - 3)?

-2 4
A—3I—(_1 2)

We will choose w = (1 and we findu = (A — 3)w = —2

So

0 -1
for the construction. By the reasoning in the alternative argument above, u is an eigenvector by
construction.

>. w is not an eigenvector, as required

Au = 3u
Aw =u + 3w

(=21 (o -1
P‘(—1 0>=>P ‘(1 —2)

PT'AP = (3 1) =A

So

and we can check that

0 3

12.5 Jordan normal forms in n dimensions

To extend the arguments above to larger matrices, consider the n X n matrix

o010 -~ O
0 0 1 0
N=|0 0 O 0
o0 0 - 0
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When applied to the standard basis vectors in C", the action of this matrix sendse,, — €,,_; — -+ —
e; — 0. This is consistent with the property that N" = 0. The kernel of this matrix has dimension 1.
Now consider the matrixJ = AI + N, as follows:

A1 0 0
0 41 0
N=|0 0 A 0
0 0 O A

This matrix has
xi(@) =@ -

with M; = nand m; = 1, since the kernel of J — AI = N has dimension 1 as before. The general
result is as follows.

Theorem. Any n X n complex matrix A is similar to a matrix of the form

Iy (A1) 0 0
= |0
0 0 [ [, @)

where each diagonal block is a Jordan block J,, (4,) which is an n, X n, matrix J with ei-
genvalue 4,. 4y, ..., 4, are eigenvalues of A and A’, and the same eigenvalue may appear in
different blocks. Further, n; + n, + --- + n, = n so we end up with an n X n matrix. A is
diagonalisable if and only if A’ consists entirely of 1 X 1 blocks. The expression above is the
Jordan Normal Form.

The proof is non-examinable and depends on the Part IB courses Linear Algebra, and Groups, Rings
and Modules, so is not included here.

13 Conics and quadrics
13.1 Quadrics in general
A quadric in R" is a hypersurface defined by an equation of the form
Q) =xTAx+b'x+c=0
for some nonzero, symmetric, real n X n matrix A, b € R", ¢ € R. In components,
Q) = A;jjx;xj +bix; +¢c=0
We will classify solutions for x up to geometrical equivalence, so we will not distinguish between

solutions here which are related by isometries in R” (distance-preserving maps, i.e. translations and
orthogonal transformations about the origin).

Note that A is invertible if and only if it has no zero eigenvalues. In this case, we can complete the
square in the equation Q(x) = 0 by settingy = x + éA‘lb. This is essentially a translation isometry,

60



moving the origin to %A‘lb.

ylAy = (x + %A_lb)TA(x + %A‘lb)
= (& + ZBTATNAG + 347'D)
=x"Ax+b'x + %bTA_lb
since (AT)™! = (A~1)T. Then,

Qx)=0 = F(y)=k

with
F(y) =y'Ay

which is a quadratic form with respect to a new origin y = 0, and where k = ibTA‘lb — c. Now we

can diagonalise F as in the above section, in particular, orthonormal eigenvectors give the principal
axes, and the eigenvalues of A and the value of k determine the geometrical nature of the solution of
the quadric. In R3, the geometrical possibilities are (as we saw before):

(i) eigenvalues positive, k positive gives an ellipsoid;
(ii) eigenvalues different signs, k nonzero gives a hyperboloid

If A has one or more zero eigenvalues, then the analysis we have just provided changes, since we can
no longer construct such a 'y vector, since A~! does not exist. The simplest standard form of Q may
have both linear and quadratic terms.

13.2 Conics as quadrics

Quadrics in R? are curves called conics. Let us first consider the case where det A # 0. By completing
the square and diagonalising A, we get a standard form

2 2
Alxi +AzXIZ =k

The variables x; correspond to the principal axes and the new origin. We have the following cases.
e (14,4, > 0) This is an ellipse for k > 0, and a point for k = 0. There are no solutions for k < 0.

+ (1; > 0,4, < 0) This gives a hyperbola for k > 0, and a hyperbola in the other axis if k < 0. If
k = 0, this is a pair of lines. For instance, x’12 - x’22 =0 = (x] —x3)(x; +x3)=0.

If det A = 0, then there is exactly one zero eigenvalue since A # 0. Then:

+ (4; > 0,4, = 0) We will diagonalise A in the original expression for the quadric. This gives
X%+ bix) + byxh +¢=0

This is a new equation in the coordinate system defined by A’s principal axes. Completing the
square here in the x] term, we have

2
x4+ byx,+c =0
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1 b’
where x| = x; + —bj,andc’ =c— L

24 422
pair of lines if ¢’ < 0, a single line if ¢’ = 0, and no solutions if ¢’ > 0. Otherwise, b} # 0, and

the equation becomes

. If b}, = 0, then x, can take any value; and we get a

2
Axi"+byx; =0

n

1 . . .
where x5 = x5 + pc’, and clearly this equation is a parabola.
2

All changes of coordinates correspond to translations (shifts of the origin) or orthogonal transforma-
tions, both of which preserve distance and angles.

13.3 Standard forms for conics

The general forms of conics can be written in terms of lengths a, b (the semi-major and semi-minor
axes), or equivalently a length scale ¢ and a dimensionless eccentricity constant e.

« First, let us consider Cartesian coordinates. The formulas are:

conic formula eccentricity foci
2
ellipse = i—z =1 b*=a*(1-e?),ande < 1 X = *ae
a
parabola y? = dax one quadratic term vanishes,e=1 x = +a
2 2
hyperbola = —¥ =1 b? = a*(e* —1),ande > 1 X = *ae
a? b2

« Polar coordinates are a convenient alternative to Cartesian coordinates. In this coordinate sys-
tem, we set the origin to be at a focus. Then, the formulas are

e
“ 1+4ecosb

- For the ellipse, e < 1 and € = a(1 — ¢?);
- For the parabola, e = 1 and ¢ = 2a; and

— For the hyperbola, e > 1 and ¢ = a(e? — 1). There is only one branch for the hyperbola
given by this polar form.

13.4 Conics as sections of a cone
The equation for a cone in R3 given by an apex ¢, an axis i, and an angle o < g, is
(x—c¢)-A=|x—c|cosa

Less formally, the angle of x away from fi must be a. By squaring this equation, we can essentially
define two cones which stretch out infinitely far and meet at the centre point c.

(x—c)-h)’ = |x—c|* cos?a

Let us choose a set of coordinate axes so that our equations end up slightly easier. Let ¢ = ce;, i =
cos fe; — sin Be;. Then essentially the cone starts at (0,0, c) and points ‘downwards’ in the e;-e;
plane. Then the conic section is the intersection of this cone with the e,-e, plane, i.e. x3 = 0.

(x1 cos B —csin B)? = (x? + x% + ¢?) cos®
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< (cos? a — cos? B)x? + (cos? a)x3 + 2x;csin B cos B = const.

Now we can compare the signs of the x? and x3 terms. Clearly the x3 term is always positive, so we
consider the sign of the x? term.

« Ifcos? a > cos? B (i.e. @ < B), then we have an ellipse.
« Ifcos? a = cos? B (i.e. @ = f3), then we have a parabola.

o Ifcos? a < cos? B (i.e. @ > f3), then we have a hyperbola.

14 Symmetries and transformation groups

14.1 Orthogonal transformations and rotations

We know that if a matrix R is orthogonal, we have RIR =] < (Rx):-(Ry) =Xy <= the rows
or columns are orthonormal. The set of n X n matrices R forms the orthogonal group O,, = O(n). If
R € O(n) then detR = +1. SO,, = SO(n) is the special orthogonal group, which is the subgroup of
O(n) defined by detR = 1. If some matrix R is an element of O(n), then R preserves the modulus
of n-dimensional volume. If R € SO(n), then R preserves not only the modulus but also the sign of
such a volume.

SO(n) consists precisely of all rotations in R". O(n) \ SO(n) consists of all reflections. For some
specific H € O(n) \ SO(n), any element of O(n) can be written as a product of H with some element
in SO(n), i.e. R or RH with R € SO(n). For example, if n is odd, we can choose H = —1I.

Now, we can consider the transformation x; = R;;x; under two distinct points of view.

» (active) The rotation R acts on the vector x and yields a new vector x’. The x; are components
of the transformed vector in terms of the standard basis vectors.

+ (passive) The x; are components of the same vector x but with respect to new orthonormal basis
vectors w;. In general, x = )}, x;e; = )}, x;u; which is true where u; = Z}. R;je; = Zj e;Pj;.
So P = R™! = RT where P is the change of basis matrix.

14.2 2D Minkowski space

Consider a new ‘inner product’ on R? given by

1 O
=xT N =
&xy)=xy;, J (0 _1)

()

We start indexing these vectors from zero, not one. Here are some important properties.

« This ‘inner product’ is not positive definite. In fact, (x,x) = x3 — x3. (This is a quadratic form
for x with eigenvalues +1.)

« Itis bilinear and symmetric.
. 1 0
+ Defining ey = (O) ande; = (1>, they obey

(eg.€p) = —(er,e;) =1; (ep,€)=0
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This is similar to orthonormality, in this generalised sense.

This inner product is known as the Minkowski metric on R2. R? with this metric is called Minkowski
space.

14.3 Lorentz transformations

Moo M01)
M =
(Mw My,

Let us consider a matrix

giving a map R? — R?; this preserves the Minkowski metric if and only if (Mx, My) = (x,y) for any
vectors X, y. Expanded, this condition is

Mx)TJ(My) = xTMTJMy = x1Jy

= MM =]

The set of such matrices form a group. Also, det M = +1 for the same reason as before. Furthermore,

|M00|2 > 1, so either My, > 1 or Myo < —1. The subgroup with detM = +1 and My, > 1 is known
as the Lorentz group.

Let us find the general form of M, by using the fact that the columns Me, and Me; are orthonormal
with respect to the Minkowski metric.

(Meo, Me,) = Mg, — M3, = (g, €p) =1 (hence |Moo|2 >1)

Taking M, > 1, we can write
cosh 6
Me, = (sinh 6)

for some real value 6. For the other column,

sinh 6
(Mey,Me;) = 0; (Me;,Me,) =—-1 = Me, =% (cosh 9)

The sign is fixed to be positive by the condition that detM = +1.

_ {cosh® sinh©
“ \sinh® cosh6

The curves defined by (x,x) = k where k is a constant are hyperbolas. This is analogous to how
the curves defined by x - x = k are circles. So applying M to any vector on a given branch of a
hyperbola, the resultant vector remains on the hyperbola. Note that these matrices obey the rule
M(6,)M(6,) = M(6; + ). This confirms that they form a group.

14.4 Application to special relativity
Let
1 v s
M(6) = y(v) Nk v=tanhf;, y=(01-v") 2
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Here, v lies in the range —1 < v < 1. We will rename X, to be ¢, which is now our time coordinate.
x; will just be written x, our one-dimensional space coordinate. Then,

' =y-(t+vx)

x' =y-(x+uvt)

X =Mx < {
This is a Lorentz transformation, or ‘boost’, relating the time and space coordinates for observers
moving with relative velocity v in Special Relativity, in units where the speed of light c is taken to be
1. The y factor in the Lorentz transformation gives rise to time dilation and length contraction effects.
The group property M(6;) = M(6,)M(6,) with 6; = 6; + 6, corresponds to the velocities

U1 + 0,

v; =tanh§; = v; =
t ! 3 1+01U2

This is consistent with the fact that all velocities are less than the speed of light, 1.
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